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Abstract

An engineering approach for estimating the stress intensity factors of a semi-elliptical ‘crack
is presented. An approximate 2—-dimensional approach solution for semi-elliptical crack is
derived in terms of simple equation, through weight function technique, by reflecting on the

physical character of cracks.
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1. Introduction

When assessing the structural integrity of nuc-
lear power plants components, it is often required
to employ failure assessments.

Depending on whether a ductile or brittle frac-
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ture behavior is expected under service condi-
tions, stress intensity factor or J-integral is most
widely used for failure assessments. Particularly,
the evaluation of the possibility of brittle failure is
based on the stress intensity factor, K;. A crack will

propagate when the applied stress intensity factor
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exceeds the material fracture toughness, K, at
the current temperature.

In general, the analysis of stress intensity factor
is specialized for through-thickness or semi-
elliptical cracks in an infinite plate or a cylinder.
Since Reactor pressure vessel operate around
300T, brittle fracture does not look like a poten-
tial mode of fracture. However brittle fracture be-
havior should be considered in the viewpoint of
the neutron-irradiation-induced reduction in frac-
ture thoughness of vessel materials in core beltline
region, the pressurized thermal shock(PTS) loads,
etc..

Various methods[1,2] of calculation for stress
intensity factor have been developed for
2—dimensional crack problems. Even though there
are a few methods[3,4] of analysis for
3—dimensional crack or semi-elliptical crack, these
methods mostly relied on finite element method
(FEM) for the magnification factor calculation.
Morever there was significant scatter among these
data. And we should consider the relatively large
magnitude of safety factors applied in actual flaw
assessments [5] . Therefore it would be very useful
to derive a simple, approximate equation for a
calculation of stress intensity factors.

In the present work, the mode | analysis prob-
lem of a semi-elliptical crack in a semi-infinite
body is treated through weight function technique
including the ‘effects of the geometrical crack char-
acter.

2. Analytical Study
2.1. Background

Labbens et al.[2] introduced weight functions
to calculate stress intensity factor for the
20-dimensional crack analysis.

Bueckner[3] and Rice[6] demonstrated that a
particular function, normally termed the Bueckner

weight function, is a property of a cracked

geometry and is independent of the loading. The
weight function may be employed in the deriva-
tion of stress intensity factor solutions provided
details of crack-line loading are available. A
weight function may be thought of as a form of
the Green’s function for a cracked body.
Bueckner[3] proposed the weight function for
a finite width, edge-cracked, infinite strip, as
shown in Fig.1. This weight function is given as:

M(x,a}= [Tﬂifx)]l/z [1+m1 [_a_;l]
#ma[*37]]

(1)

N

M

Fig.1. Continuous Surface Crack in An Infinite
Strip
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where m; and m; are functions of the ratio of
crack depth to strip width (a/w). For the region of
0<a/w<0.5 these values are given as:

my=A,+B, [—“:’—]2+cl (21

et 3] s3]

where
A;=0.6147, B,;=17.1844, C,= 8.7822
A,=0.2502, B,= 3.2899, C,=70.0444.

Then, Ka), stress intensity factor with a func-
tion of crack depth, a, could be obtained from the
following equation. That is,

Ki@)= |” o (aMix,alax )

where ¢ (x) is the arbitrary stress distribution along
the normal plane to the crack depth in the un-
cracked structures.

2.2 Theoretical Approach

In order to obtain the exact solution for the
semi-elliptical crack problems(Fig.2),
3-dimensional analysis is required. The main
objective of this study was to simplify this compli-
cated 3—dimensional analysis. This simplification
could be perfomed through 2-dimensional
approach based on the above equation (2) with
some geometrical constraint factors such as a
semi-elliptical crack shape and a finite crack
length.

Since equation (1) was derived in the plate-
shape geometry, it is required to modify this equa-
tion for the application in cylindrical
structures(Fig.3).

The weight function is related to the crack
shape and crack tip displacement. Crack tip dis-
placement in the cylindrical structure would be
more restricted than in the plate. The displace-
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Fig.2. Semi-elliptical Surface Crack in An Infinte
Strip

ment at an arbitrary distance x from innner surface
of the cylinder is a function of the ratio of distance
from cylinder center to the crack tip[2]. Accord-
ing to Labbens and Heliot[2], the modified
weight function for cylindrical structures could be

given as:
1/2

M(x,a)=[g:i:] [27r(zla—-x)] [1+m1[a;x]

+m2[a—a—x]2 ] (3)

where R, is a inner radius.
1) Semi-elliptical Crack Shape
When reviewing the stress intensity factor solu-

tion for semi-elliptical cracked structure[7], the



Two—Dimensional Approach for Stress Intensity-*K.IL.Ho and 1.G.Park 15

Ri

.
L]

Fig.3. Continuous Surface Crack in A Cylinder

line integral ® has been designated a shape factor
because its value depends on the aspect ratio
{crack depth/crack length: a/ A). Therefore, in
this study the line integral ® was classified as
one of the constraint factor. Then the modified
stress intensity factor is given as:

1 2 i
Kiol=—g | 700 Mix.a) [ g ax @

o= *:/2[1—[%2/1_32—]sin20]1d/§

2) Finite Crack Length

Accroding to equation (1) the value of weight
function at the free surface is 1+m;+m; and
becomes infinite at the crack tip. Furthermore the
value of weight function for semi-elliptical cracks
with finite crack length is much less than that for
continuous cracks at any given intermediate points
between the free surface and the crack tip. Ther-

fore m; and m, in the weight function for semi-

elliptical cracks can be modified as:

m=n+8i[cge] [3] releer] (o]

m=tetBi[ gz [3] +elcor] [l

In The above equations P represents line integ-
ral and C is constant. If a/ A is O, the constant
terms (By, C;, Ba, and Cy) represent the values ‘or
continuous crack, and if a/ A is 1, these constants
represent the values for the semi-circular crack.

The approximate stress intensity factor solution
including these geometric contraint factor is given

as:

K,(a)z% :U (x) M(x,a)dx (5)

Mix.a)= giii] [Zﬂ(i—X)l / [l+ml[aaxl
#m 23]

meeon [egr] (0] e fee] [

re=te®e [ [l o] 13T

The arbitrary stress distribution can be express-
ed by a series of polynomial, i.e., o (x)=ApTA;x
+A + A3+ +AX". However this stress dis-
tribution can be fitted by a third degree polyno-
mial, i.e.,

6 (x) =Ag+Arx+AsxZ + A, 6)

With inserting the above stress distribution,

equation (5) becomes :

Kl(a)=—"*;)— s:[[ g:i:] [A0+A1x+A2x2+A3x3] )
[ramm] rm [2 7 ma [T

7
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Equation (7) can be programmed very easily
with FORTRAN or BASIC language. Therefore we
can calcuate the stress intensity factor without re-
lying on the Elastic Fracture Handbook [8].

3. Comparison With Other Methods

In order to judge the analytically developed ex-
pression for the K versus a/ A relationship, the
present results were compared to those calculated
by Labbens et al. [2] and pc~CRACKI[9] (com-
mercial software for fracture analysis). The para-
meter used for the comparison is magnification

factor.
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Labbens et al.{2] expressed the stress intensity
factor as follows :

2.
K=v/7 3" [ Fi+—2A, - F,

2 .3
+—a2—A2 : F3+—3‘—1_—2—A3 “Fq )

where F;, F,, F3, F; are magnification factors.
Through the use of equation (7) to (9), magni-
fication factors for the present method are derived

as

1 1
F1=~/7(Ri'f01+a'foz)'m'“

T

1 1
Fo=—% Ri-fu+ta-2-fi5)- Ri+a)

1 1
Fszﬁ(Ri.2-f21+a-3'2'f22)'(TH,_a)_'7

Fa= o (Ri*3-2 f5+a-4-3 2 f5)-

_ 1
(Ri+a)

Fig.4 shows the magnification factors with the
variation of crack aspect ration(a/ 1) for the given
crack depth/thickness ratio(a/w=0.25). Magni-
fication factors decrease as the crack shape
changed from continuous to semi-elliptic.

When a/ A ratio is above 0.1, magnification
factors exhibited almost constant values.

The relation between magnification factors and
fractional crack depth(a/w) is shown in Fig.5, in-
cluding the resulis of Labbens and pc—CRACK,
for the continuous surface crack in cylinder.

As shown in Fig. 5, magnification factors calcu-
lated by using equation(9) are relatively consistent
and in good agreement with those obtained from
Labbens et al. [2] and pc~CRACK[9]

There are some discrepancies among these
values, when a/w is above 0.5. However the use
of present method seems reasonable in practical
application, since the a/w ratio for real cracks is
usually much smaller than 0.5. It should be noted
that constant terms, C, and C,, suggested by Lab-
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Axial Crack (a/w =0.25)
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bens et al. [2] were neglected in order to mini-
mize the data deviation, then m; and m, were
represented as a second order polynomial terms.

4. Application Example

The example chosen is typical of nuclear press-
ure vessel (Outer Radius: R=100", w/R=0.1).
Two stress distributions are chosen, which were
used in Ref. [10].

0 1(x)=40—8.9120x+0.974 - x¥*—0.0382 - x°
0 ,(x)=40—17.824 - x+1.946 - x*—0.0765 - x3

(1) Continuous Surface Crack in Cylinder (a/w
=0.25, a/ 4 =0)

For the given stress distributions, stress intensity
factors obtained from the present method were
compared to the results of Ref.[10], as tabulated
in Table 1.

Table—1 Stress Intensity Factors for
Continuous Surface Crack

Calculation Method Stress Intensity Factor
stress: o, stress: 0,
Maximum Stress 174.8 174.8
Linear Envelope 154.6 134.3
ASME 129.6 84.3
Present Study* 123.5 81.6
FEM by Buchalet 1158 76.4

The values of stress intensity factor obtained
from the present method is obviously closer to
FEM values than that of other calculation
methods.

(2) Semi-elliptical Surface Crack in Cylinder

Actual cracks in structural elements are often
approximated by semi-elliptical cracks. Therefore
comparison is extended to ASME-Ill APPEN-
DIX-G type crack(a/ A =1/6, a/w=0.25). The
results are shown in Table 2.

The values obtained from the present study is
definitely less conservative than those of other

calcuation methods[10].
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Table-2 Stress Intensity Factors for
ASME-Il App.G-Type Crack

Calculation Method Stress Intensity Factor
stress: 0, stress: 0o
Maximum Stress 134.7 134.7
Linear Envelope 116.9 99.0
ASME 94.8 55.0
Present Study* 83.7 52.3
FEM by McGowan 75.8 46.9

(3) Variation of Stress Intensity Factors as a
Function of a/w Ratio

By means of the present technique stress in-
tensity factors could simply be calculated at any a/
w ratio, as presented in Flg.6.

5. Conclusions

The semi-elliptical crack problems are consi-
dered to be important especially in the design and
fracture analysis of pressure vessels and casings.
The complicated 3-dimensional analysis is re-
quired in order to obtain the exact solution for the
semi-elliptical crack problems. However, this com-
plication could successfuflly be overcome through
2—dimensional approach based on the continuous
crack solution, by taking into account geometric
crack characters such as semi-elliptical crack shape
and finite crack length. It would be a great advan-
tage and was an objective herein to be able to
estimate the K versus a/ A relationship for a semi-
elliptical crack. Furthermore, the present solution
appears less conservative than that of ASME-XI
technique.
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