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ABSTRACT

The resonant formation rates of muonic molecular ion dt# in the muon—catalyzed fusion are
calculated in various fuel temperatures and densities. The elastic scattering cross sections
between t# and deuterons are obtained by making use of the partial wave method. The
transition property of the excited compound molecule [(dt#)dee] * is derived by the impulse
approximation in the form of a bound-state form factor. The radiative, Auger, and collisional
deexcitations are considered as the deexcitation mechanisms of the excited dt#, and each
deexcitation width is calculated as well as back decay width. The resultant reaction widths are
used to calculate the formation cross sections of resonant dt#. The resonant formation rates
for dt# ~d and dt#—t collisions are computed as functions of fuel temperature and density. The
calculations show that the resonant formation rates increase with fuel densities and have the
maximum values at the particular temperatures where the relative collision energies are equal
to the resonant ones.
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I. Introduction

Muon-catalyzed fusion (MCF) is a fusion reac-
tion which occurs in the low—temperature molecu-
lar state in which the muon (#7) plays a role as a
catalyst. The magnetically—confined thermonuclear
fusion which occurs in the high—-temperature plas-
ma state has had difficulties in overcoming many
serious obstacles such as difficult confinement due
to various instabilities, high—temperature heating
of plasma, and supply of relatively low density
fuel. On the contrary, MCF has a lot of advan-
tages such as easy fuel confinement in the neutral
state, low operating temperature (a few hundred
), and high fuel density of liquid hydrogen (4.22
%108 atoms/m?).

If muons are injected into a mixture of deuter-
iums and fritiums, they replace the orbital elec-
trons of hydrogen isotopes. Then they are cap-
tured by the hydrogen isotope nuclei and form
muonic atoms. These muonic atoms build up
muonic molecules through collisions with hyd-
rogen isotope molecules. In the early stage of
MCEF study, only the Auger mechanism was consi-
dered in explaining the formation and reaction of
muonic molecules such as pp#, pd#, and pt#.
Since 1975, the resonant formation mechanism!!!
which explains the formation of muonic molecules
dd# and dt# in much shorter formation times has
become a major object of MCF research. In the
resonant muonic molecule where the distance be-
tween the two nuclei is several hundred times
smaller than that of normal molecule, a d-t fusion
reaction occurs within a few picoseconds. After
the fusion reaction most of the muons (> 99.6%)
are set free and captured by the nuclei of hyd-
rogen isotopes, and repeat the above procedure.
The remaining muons are captured by @ particles
generated as a fusion product and leave the fusion

23] This sticking loss probability has been

cycle
reported to be less than 0.4%. Consequently, the

muons enhance the fusion reactions as a catalyst
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without participating in net reactions'*”.

At present, the essential issues of MCF are the
reduction of muon production cost and sticking
loss, and the development of resonant formation
mechanism. Since the resonant formation
mechanism is not completely understood and
takes the longest reaction time in an MCF cycle, it
is of great importance in MCF research to improve
the resonant formation process. In this work the
resonant dt# formation rates by a direct formation
mechanism®® are calculated in a temperature
range_ of 400~2000 K and a fuel density range of
04~16 P, (P, is the liquid hydrogen density)
to find out the optimum reaction conditions for
MCF in the achievable laboratory environment.

. Formation of Muonic Molecule

The muonic molecule formation mechanism is
divided into two parts according to the type of
emitting the binding energy. One is a non-reso-
nant formation in which the binding energy is
delivered to an Auger electron, and the other is a
resonant formation in which the binding energy is
changed into the form of vibrational and rotational
excitation energies of a compound molecule.
Table 1 shows the binding energies of various
muonic molecules, where J and v represent rota-
tional and vibrational quantum numbers, respec-

tively.
1. Non-resonant Formation

This mechanism explains the experimental re-
sults of formations of pp#, pd#, pt#, and tt#.
The dissociation energy of a hydrogen molecule is
approximately 4.5 eV. As all the quantum states of
pp#, pd#, pt#, and tt# have much greater ener-
gy values than the dissociation energy, the
molecular binding is destroyed by the formation of
a muonic molecule and the residual energy is
delivered to the Auger electron.
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Table 1. The Binding Energies of Muonic Molecules in Various Quantum States

{2]

65

{unit : eV)

Jv pp# pd # pt# dd # dt # tt &

00 252.95 221.52 213.97 325.04 319.15 362.95
01 — — — 35.80 34.87 83.88
10 106.96 97.40 99.01 226.61 232.44 289.15
11 — — — 191 0.64 45.24
20 — — — 86.32 102,54 172.65
30 — — —_ — — 48.70

2. Resonant Formation

This mechanism is suitable to explain dd# and
dt# formations. As shown in Table 1, the binding
energies of (J, v)=(1, 1) states of dd# and dt#
are 1.91 and 0.64 eV, respectively. Because these
values are smaller than the dissociation energy for
hydrogen molecule, the molecular binding is sus-
tained after the muonic molecular formation. Only
the compound molecules [(dd#)dee] and [(dt#
)dee] are transitted from ground states to excited
states by the binding energy :

d# +Dy— [(dd# )dee] *,
14 +Dy—> [(dt# )dee]

As the energy states of muonic molecules are
quantized, the above reactions are possible only in
the case that the following relation is satistied.

Econ=AE+Eg.q, (1)

where E_,; which is called resonant energy (E,.)
is the collision energy between muonic atoms and
D, or DT. AE is the energy difference between
the ground state of a hydrogen molecule and the
excited state of a compound molecule, and Ey;,q
is the binding energy of the muonic molecule.
In the case of pp#, pd#, pt#, and tt#, the
molecular formation time is 107® seconds, for
which one or less fusion reaction is completed
during the muon lifetime of ~2.15X107% sec.

Since the dt# molecular formation time is,
however, 1077 seconds, it is possible that a muon
repeats hundreds of fusion cycles during its life-

(310.11]  Therefore, from a viewpoint of the

time
practical energy production by MCF, only dt# are
expected to be of most interest and the present
analysis for resonant formation rates is thus con-

fined to the muonic molecule dt#.

H. Computation of Resonant dt# Formation
Rates

1. Elastic Scattering Cross Section of [t* +d]
Collision

In the partial wave method"? of quantum
mechanical collision theory, the partial cross sec-
tion of resonant scattering with a resonant energy
E..s can be derived as the following Breit-Wigner

formula (1213
2
I‘el
42 + 1) 4
!
;= > 3 2)
ky . Ta
(Ey = Ep)" + —
4
where

! : quantum state of orbital angular momentum
k; : relative wave number of collision [t#+d]
E, : relative collision energy between t# and d
T, : elastic width.

The subscript 1 denotes the collision between t#
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and d, Formation of (J, v }=(1, 1) state dt# mainly
attributes to the p—wave elastic scattering for / =
191, Consequently, for the p—wave elastic scatter-
ing, the above formula (2) becomes :

2
Fel
127 4
U;I = o 2 3)
kg L,

2 e
(EI - Ere:) + T

If equation (3) is compared with the ex-
perimental values of t#+d scattering cross sec-

[14]

tions''*, elastic width ", can be represented as

[ (E)=0.65E{°+0.049 E; , @

By inserting equation (4) into equation (3) [t#+d]
elastic scattering cross sections can be computed
as a function of relative collision energy E;. Fig. 1
shows ¢ ¢ as a function of E;.
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Fig. 1. [t#-+d] Elastic Scattering Cross Sections as
a Function of E,
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2. Impulse Approximation

Since the molecular sizes of t# and dt# are
considerably small, t# can be treated as a neutron,
and dt# as one of the two nuclei in the compound
molecule {(dt#)dee].

A transit ion to the excited state of a compound
molecule after collision between t# and D, mole-
cules can be assumed as a transit from ground
state to excited state in a molecule by collision,
although one of the two nuclei is replaced by dt#.

(15.16] gives the theore-

The impulse approximation
tical basis on these assumptions. The followings
are the basic assumptions of impulse approxima-
tion.

1) The incident particle reacts with only one

- particle of the molecule at a time.

2) The amplitude of wave incident on each co-
nstituent (nucleon) is assumed to be almost
the same as if that constituent were alone in
the molecule.

3) The binding force of the constituents of D,
molecule is negligible as compared with the
collision force between t# and D,.

4) The vibrational motion of a diatomic mole-

cule is considered as a harmonic oscillation.

Fig. 2. The t# +DT Collision System
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Fig. 2 depicts the t# and DT collision system to
be considered in this calculation. Schrdédinger
equation for relative motion is given as follows.

[._ ﬁ_zvz - 7’
2p,

2
Vit v, + v,

+ Vor ]w(r,f) = E(r.?) (5)

where
my, (mp + my)
My = —
my, + mp + my
mpmy
e = —
T mp + my

Vb, Vr, Vpr: potential energies of molecules D,
T, DT, respectively

E, : relative collision energy between t# and DT

fi : Planck’s constant divided by 27
¥ (7 ,%): wave function for relative motion of t#

and DT

The subscript 2 indicates the collision between t#
and DT. Potential energies Vp, V1, and Vpr are
assumed as the sum of two—body potentials. For a
scattering of t# by DT in the z—direction in a state
v Km, the solution of equation (5) can be written

as the following integral equation!'® :

‘l’(r!’) = exp(ikZZ)\pvoKomo(?) + 2 dvim(r’?)
v.K,m

"’vl(m =
M, ) { exp(iky | -7y, |
X [ aF [ ar | () ¥ (T)
4‘n'ﬁ2f f g |7 — 7| "

X [VD(lr' + Bpt ) + Vp(IF + B,f‘[)]lp(r' ,a-')]
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v vKm (?) =

1

2

w, Ry 4 g
[ W ] H (£) exp [— '2—] Ym0, )
{311 v!

(6)

T

where
B -~
b mp + mp
mp
B = ———
T mp + nip
T—T,
g = 1,2
[ p ]
m! p"l'
.2 2M2(E2_EVK)
ky” = 3
i

v, K, m:quantum numbers of DT after colli-
sion

w, : vibrational frequency of DT

7, : equilibrium internuclear distance of DT

H. (£) : Hermite polynomial

Yim( 8 . ®<) : spherical harmonics

In equation (6), if Pl 17,
1 1
then —_— = =
|F—ri r
V., reduces to
exp(ikar )
ll‘vl(m(r’;i') = ‘vam(?)

r



M, Cp e
X [— p fzfdrfd‘r exp(—iky P )V xm(®)
i

Vo + Ve lW(r ,f')J (7)

The expression in the braces is a scattering
amplitude, fxn(K3,K,) , which can be express-
ed separately for Vp and V7 in the following
manner,

va’n(Eé ’EZ) =

f 7' exp(— iky P YW o () [Vp + Vp]4(F 1)

M,

2fdi"fd‘r'exp(—ik;-r')‘lf:xm(‘l")VD\b("',“")

4mh

e f dr f dt exp(—iky P )Y e (B )V U(F ,7)
aril

fo (ks By) + fr(Ky,Ky) 8

According to the impulse approximation
assumptions 1), 2), and 3), ¥p (7,* )instead of true

Fig. 3. The t#+D Collision System
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wave function lll(i",‘l" ), is taken as an approxi-
mate wave function, in which the effect of T in DT
on the dt# formation is neglected in a collision of
t# with D in DT. Fig. 3 shows the t# +D collision

system.
In order to separate the relative motion and the

center of mass motion, the following variables are

introduced.
m,“rm + mpfp
Rtp.-—D = 4
my, + mp
p = i"p, - fD ]
ke ky + kp
mDEm - mmk'D
k, =
my, + mp

With these variables ¢, can be written as
Yp(F,1) = \VD(R.,“—D)'XD(I’»’)

where the wave function Xp(f) is the solution of
the equation of relative motion :

ﬂ2
[— VIV, o) Lxp(p) =
zu’u-D [ tp—D D

Subsequently f, (k;,£,) in equation (8) can be
calculated as
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£k My MZE sz
b = - — + b e x
fo(ks,ky) [MI]fD[ o, P M, 2]
mr
Fogm. -— , 9
va,VOKOmO[ mp, + mTq] ( )

where ¢ = & = k3 and the free scattering ampli-
tude f, and the bound-state form factor F.
Kmyokomo for the transition (v, Ko, mg)—(v, K

4

m) are expressed as

M

Folkyky) = = — [ dp exp(~ik, 8)Vp(®)xo(P)
4mh

an
Fopm. -—— | =
g m,vOKOmo[ mp + my ]

'———q-f]\Pme(-rvaO(f)

The differential cross section for the transition ( ¥,
Ko, mg)—(v, K, m) is obtained bym'm]

2
do(8.0) = | foxm(Ky, £

2
| 1o (ks ) + fr (B3, Ky)]

The interference term fpfy assumes to nearly van-
ish!'8) In addition, because the t# +D collision
gives rise to the formation of dt#, fp is the only
term that contributes to 0 4u. Accordingly,

2
Cap = [do0.8)d0 = [ | f5(8y, Bp)] 4O
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¢ is obtained by adding inelastic scattering effects
of deexcitation and back decay to Uf,' for the

p—wave elastic scattering.

P
Felrdeu

12 4

5 2 (11)

ki 2. Tt Thor + Tiget)

(E,- E

res

4

where Ty, and Ty, are the deexcitation and

back decay widths, respectively.

3. Deexcitation Width

At first dt# is formed in a (J, v)=(1, 1) state,
but the d—t fusion takes place either in a {(J, v)=
(0, 1) state (84%) or a (J, v)=(1, 0) state (16%)
8] In other words, the fusion must be accompa-
nied by the deexcitations in the form of emissions
of radiation, Auger electron, and excitation energy
by collision with other molecules.

3.1 E; Radiative deexcitation(T,,q)

E; radiative deexcitation results in the radiation

emitted from an electric dipole transition. E; radia-

tive deexcitation rate is written as(!®
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Crad 4e2w3
o 2 <p>?

~10° sec™ (12)
# 9#ic’
where hw, and <R> are the transition energy
and the average internuclear distance of dt#, re-
spectively.

3.2. Auger deexcitation (I'auger)

Auger deexcitation is a mechanism which emits
an Auger electron with deexcitation energy due to
the Coulomb interaction between orbital electrons
and dt#. From the golden-rule formula, Auger

deexcitation rate is given as!'®!% :

r dm_k 2
Avger | (LS |
= <up)¥ |V (p)d>1 (13)
1 2 i f(P) [V {uy(p) [
~8X100sec™
where

u(#), u(P):electron state functions before
and after Auger electron emis-
sion

¢l 4f. dee state functions before and after

Auger electron emission

V : Coulomb interaction potential between orbit-

al electron and dt#

k: electron wave number after emission

3.3. Collisional deexcitation (I

Collisional deexcitation takes place by the colli-
sion of compound molecule [(dt#)dee] * or [(dt#
Jtee] * with D, or DT. Collisional deexcitation rate
T.ou/h is the same as a collision frequency 1/ 7

colbs which is given as[20] .

r 1
o —— = density X kg i (T) (149

fi Tooll
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In a temperature range to be considered in this
work, the deexcitation constant Kyeex(T) follows

(20

the Landau-Teller variation’?® in the form of

-1/3
l0g1okueer(T) = A + BT !

Constants A and B can be obtained from the
experimental values of deexcitation rate® for
DD, collision, where the empirical values are A
=-8.312, and B=-58.605. In the temperature
range from 400 to 2000 K, the resultant collisional

deexcitation rates become 10°~10'! sec™’.

4. Back Decay Width (Ty.q)

Occasionally back decay processes happen in
which the formed di# divides into its original
constituents t# and d during deexcitation of
muonic molecule. Consequently this back decay
brings about a reducing fusion rate. Assuming the
Maxwellian energy distribution of hydrogen mole-
cules, the back decay rate is derived as (18]

= (15)

where E;s=0.219 eV in the case of t#-D, colli-
sion, and 0.107 eV in the case of t#-DT collision.
The back decay rate is calculated to be approx-
imately 3%X10'° sec™?.

5. Bound State Form Factor

The bound state form factor Fukm: »okomo in
equation (9) is needed to be known only by the
square of its absolute value. Since the magnetic
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quantum numbers m and mg do not appear in the
rotational-vibrational motion, they must be sum-
med up. Also since the rotational motion is very
weak in comparison with the vibrational one,
summing up over the vibrational quantum number
K is done for simplicity of calculation. The bound
state form factor is then obtained as!'® :

1 22
1v+—.§d]
3

2
b =

2 P g

Kommy vl Ld

where

Y (v +1/2,£%d% is the incomplete gamma
function. ¥ is the vibrational quantum numbers of
compound molecule, among which the v =3

state is dominant.

6. Resonant Formation Rate A..

Combining equation (10) with equations
(11)-(15), o 4~ is written as

04,.(E) =
IF i Falie
[M2] 127 | Fmvkomo] 4 16
My} & , T
(Ey— Ep) + vy

RESONANT FORMATION RATES xdm_ 4 (/SEC )
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Assuming the Maxwellian energy distribution of
molecules in D-T mixture the average value < ¢
atx(Eg)vee > over Maxwellian distribution gives
the resonant formation rate A ..

A = pP< o'dm(EZ) Ve >

where £ is the fuel density, and v, is the relative
velocity between t# and D; or DT.

. Results and Discussion

In the temperature range 400~2000 K, the
most probable values v=+/2kgT/M, of the rela-
tive velocity are in a range of 2xX10°~4Xx103
m/sec, and the relative collision energies E; are in

10 7 T T T T
400 800 1200 1600 2000
TEMPERATURE (K)

Fig. 4. Ag« 4 in Various Fuel Temperatures and
Densities
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0.03~0.2 eV. By use of these values the calcula-

tion of < G4 4v,> is done in the relative colli-

sion energy range 0~3 eV. The computed re-
sonant formation rates Ag«_g for t#=Ds collision

and Ay« for t#-DT collision are shown in Fig. 4

and Fig. 5, respectively, at various fuel densities

P=04°,, Py 165 where £ is the liquid

hydrogen density. A comparison of Ag4x_4 with

Agr_y at P = pg is presented in Fig. 6.

From the calculated results the following conclu-

sions can be deduced.

1) In a liquid hydrogen density 1.2X10%< A
res <4.2X 108 sec™! is obtained. The compari-
son with other results is shown in table 2 at the
same ratio of D to T in the mixture. A wider
temperature range is taken into account in this
study. The present results calculated in the

10

RESONANT FORMATION RATES (/ SEC)
o
(-]

A
©
1}
—_
=)
e

[+]

RESONANT FORMATION RATES de_t (/SEC)

107 — .
400 600 1200

TEMPERATURE ( K)

T T T

Fig. 5. A4, in Various Fuel Temperatures and De-
nsities

1600 2000
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T
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TEMPERATURE ( K)

Fig. 6. A Comparisonof A4 4 with A4, ., at
p= P4

broader temperature range than the previous
ones of other work are in good agreement
with previously known results. The previous
theoretical and experimental research are refer-
red to Refs. [11], [21], [22], and [8]. In Ref.
(8], only the Auger deexcitation was consi-
dered as deexcitation process of muonic mole-
cule, and back decay process was not taken
into account.

2) For a constant fuel density, Agx_q and Ag .,
have maxima in particular temperature ranges,
respectively. This phenomenon has not
appeared in other results where the tempera-
ture ranges were considered in lower tempera-
ture ranges than the temperature at which the
maxima appear.

i) In the case of 44,4 the maxima appear in
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Table 2. Comparison of Results with the Other Works

Aqye{sec™) Temperature Range
Results of this study 1.2~42x10? 400~2000 K
Bystritsky et al. 2!’ >108 93~613 K
Leon'® ~3X 108 70~620 K
Jones et al.['! 6Xx 108 < 130 K
Jones et al.'??! 3.2~5.0%X108 350~550 K
a range of 1700~ 1850 K. This temperature References

range is consistent with the temperature
satisfying the relation E;=0.219 eV(reso-
nant collision energy of t#—D,)=3/2kgT,
which explains that the resonant formation
cross sections J4« have large values
when the relative collision energy, E.
approz;ches the resonant energy E..

i) In the case of Ay ~—, the extrema appear at
about 850 K. This temperature is about the
same as the temperature satisfying the rela-
tion E;=0.107 eV (resonant collision ener-
gy of t#—DT)=3/2kgT with the similar
reason as described above.

3) The higher the density is, the greater 2 . is. This
behavior is resulted from increasing the deexcita-
tion rate and decreasing the back decay rate while
increasing the density.

If the fuel contains equal ratio of D and T, 4, are
expected to have its extremum at about 1400 K.
Since the extremum of A, appears at about 1400K
which is higher than the temperature 1000 K, pre-
sently achievable in a laboratory, efforts in increasing
the fuel temperature should be made in the future
MCF experiment.
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