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Abstract

Based on the p-version of the finite element method and domain decomposition, a novel code is
developed for solving the two-dimensional multigroup neutron diffusion equations. In this study, the
reactor domain is decomposed into subdomains and each subdomain is solved independently by the p-
version of the finite element method, and the subdomains are coupled by use of incoming and outgoing
partial currents along the interfaces. The boundary partial currents are obtained analytically from fluxes,
which are approximated by hierarchical basis functions. For this domain decomposition, the computation
can be implemented on parallel computers. The method was tested on the IAEA-2D benchmark problem
and a MOX-fuel loaded core. The results show that the method can generate accurate core multiplication

factor and assembly average quantities.

|. Introduction

The finite element method, one of the widely used numerical methods for solving certain types of
differential equations, is based on approximating the solution by piecewise smooth functions, specifically
polynomials. In general, there are two kinds of finite element method: the h-version and the p-version. In
the h-version, polynomial basis functions are fixed over each element and accuracy is achieved by refining
the mesh size h. In the p-version, the mesh is fixed and accuracy is achieved by increasing the degree p of
polynomial basisfunctions”.

There are several finite element methodologies in reactor analysis, and the methods are all h-versions.
Kang and Hansen!¥ studied the application of the finite element method to problems in neutron diffusion
in space, energy, and time. They used Hermite polynomial as basis functions. Nakata and Martin!®
presented finite elements with response matrix approach (FERM). This approach uses a dual finite element
basis, one for fluxes and one for partial currents respectively. They divided the problem into local and
global core levels. Galerkin weighted residual method was used to obtain partial currents in both levels.

Dilber and Lewis™™ developed variational nodal method with response matrix for diffusion and transport



problems. They used a functional that guarantees the satisfaction of nodal balance. Hennart et al.l®
developed higher order nodal finite elements formulations, which use transverse integration procedure.

In this paper, the p-version of the finite element method and domain decomposition are used to solve
multigroup neutron diffusion equations. The problem domain is decomposed into several subdomains,
typically homogenized fuel assemblies, and each of subdomain is solved independently with coupled
coefficients. The coupled coefficients for each subdomain interfaces are incoming and outgoing partial
currents, obtained analytically from fluxes, which are approximated by hierarchical basis functions. Since
this method do not use response matrix methodology, it does not invert the element stiffness matrix
directly. To efficiently solve the element stiffness matrix iteratively, standard multi-p V (SMPV) cycle is

adopted ininner iterations. The computation isimplemented on parallel computers.

I1. Theory and Methodology

1. Finite element method and interface coupling
Without loss of generality, the G-group neutron diffusion equations are written as
-ND,NF +S F =S,9=12L G @

where the source term S, contains the fission and scattering contributions,
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Eq. (1) is subject to the natural boundary condition on the surfaces,
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We first multiply Eq. (1) by a suitable set of test functions Y , and then perform an integration with

Green's formula of integration by parts (we skip group index g to simplify the following equations)?,
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where G stands for total boundaries.

InEq. (1), wisafairly regular domain, can thus be discretized in rectangular elements W, :
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In Egs. (2) and (3), the following equation can be achieved :
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where the coefficients D, and S, ae assumed to be constant in finite element W,.

After discretizing the problem domain into finite elements, boundary conditions are used as follows

(boundary conditions of bottom and top are similar to those of left and right)® :

1) Reflective boundary condition (left) :
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2) Vacuum boundary condition (right) :
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3) Interface coupling condition : Thisis by use of arelation between incoming (J-)and outgoing (J*)

partial currents along the subdomain interfaces. That is, the incoming partial currents of subdomains are
egual to the outgoing partial currents from its neighboring subdomains.

right = i e " l E'E ight (9)
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Since the reactor domain is divided into subdomains, it is necessary to couple each other among the

subdomains on the subdomain interfaces.

- ‘]g,
VR — X
‘]+e = ‘];e ‘J+é = ‘J-e
e e e
a) Reflective boundary condition b) Interface coupling condition

Fig. 1. The boundary conditions of subdomains at interface.

2. Hierar chical shapefunctionsand standard multi-p (SMPV) cycle

In the p-version of the finite element method, hierarchical shape functions are used. We discuss briefly
here aset of hierarchical shape functions that are associated with quadrilateral elements!”.
Let W, =(-11)" (- 11) be a standard quadrilateral element (see Fig. 2). There are four nodal shape

functions associated with each vertex,
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which are exactly the same as the shape functions of four-noded quadrilaterals. For p3

shape functions associated with every side. For example, the bottom side has the following form :

N© = 2(- h)j (9, T=2L p,
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and P; isthe ith Legendre polynomial.

where
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Fig. 2. The standard quadrilateral element.

For p3 4,thereare (p- 2)° (p- 3)/2 internal shape functions:
Ni,j :j i+1(x)j j+1(h)1 Ofi+ J £ p- 4.

Now, in element W_, the flux shape F _ is expressed asfollows:
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If p=8, there are 47 shape functions consisting of 4 nodal, 28 side and 15 internal shape functions.
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This set of shape functions is hierarchical; that is, the finite element space Vp_lthaI is spanned by the

above shape functions with degree up to p- 1 iscompletely embedded in the space v, that is spanned by



the above shape functions with degree up to p. These characteristics are used conveniently for a standard
multi-p VV cycle method, which looks exactly like the multigrid V-cycle algorithm” ; the only difference is
that the multilevel computations here are conducted at levels of different degrees of shape functions, not

at different grids.

3. Parallel implementation

In this paper, parallel computation was performed with MPI (Message Passing Interface). The message
passing model posits a set of processes that have only local memory but are able to communicate with
other processes by sending and receiving message™”. The efficiency of this parallel computation depends
on the number of meshes. This is because many meshes need much communication time. Figure 3 shows
the configuration of sharing spaces with each processor. All computations were performed in

KAIST*GALAXY, aLinux based PC clustering system.
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Fig. 3. Configuration of sending and receiving datain each processor.

[11. Numerical Results and Discussion

A code was developed based on the p-version of the finite element and domain decomposition
methodology. The code divides the reactor domain into several subdomains, which is solved
independently, and the subdomains are coupled using incoming and outgoing partial currents, which is
obtained analytically from fluxes, that are approximated with hierarchical basis functions. For subdomains
are solved independently, parallel implementation was performed.

The code uses power method in outer iterations and SMPV (Standard Multi-P V cycle) in inner
iterations. Results of the code are compared with those of VENTURE™®, which uses the fine-mesh mesh-
centered finite difference method. All calculations were done using the 1/4 symmetry and convergence
criteriawere 10°® for reactor eigenvalue and 107 for assembly average fluxes. All benchmark problems were
solved with one element per assembly (so an element size is equal to the assembly length), and assembly
homogenized cross sections were used. For purposes of summarizing results for comparison, all the errors
were represented by taking the same form:

Relative percent error = testedvalue- referencevalue. (%) »
reference value




while the maximum errors with sign are maximal in the sense of absolute values, and the average errors are

defined as absolute arithmetic average values.

1. 1AEA-2D Benchmark Problem

To test performance of the newly developed code, the accuracy was examined to the well known IAEA-
2D benchmark problem®. The IAEA-2D benchmark problem is composed of a two-zone core containing
177 fuel assemblies each having alength of 20 cm The core is surrounded radialy by 20 cm of pure water
and four rodded assemblies are symmetrically deployed inside.

Numerical tests for this problem are given in Table 1. The results of the assembly average flux (fast and
thermal) errors for p=4,6,8 are displayed in Figs. 4-5. In the figures, assembly average fluxes are compared
with those of VENTURE, which uses 0.3125 cm for mesh sizes. It is observed that when degree p=4, the
maximum errors in fast and thermal assembly are —2.17 and —2.45% respectively, but these errors are
significantly reduced with the increase of degree p. If p=5 or higher, average flux errors in both codes are
less than 0.5%, and when p=6, even maximum flux errors are within 0.5%. The maximum errors occur in the
assemblies adjacent to the reflector.

Table 1. Summary of the results for AEA-2D problem

Degree p=4 p=5 p=6 p=7 p=

Eigenvalue error (%)’ 000 | 000 | 000 | 000 | 000
Max. assembly fast flux error (%) =217 061 | -025 | -007 | 0.03
Avg. assembly fast flux error (%) 0.78 0.27 0.08 0.02 0.01

Max. assembly thermal flux error (%) -2.45 073 | -018 0.12 011

Avg. assembly thermal flux error (%) 0.91 0.19 0.09 0.03 0.02

CPU times (sec) 6.5 77 193 275 36.3

" Reference eigenvalue : 1.0295858

The code uses domain decomposition, thus parallel implementations can be performed. Table 2 and Fig.
6 show the results when the code is applied on paralel computers. The speedup is defined as Ty(N) /
To(N), where Ty(N) is the time required to solve the given problem of size N using P processors.

In the table and figure, it is observed that higher degree p shows good results compared to relatively

lower degree p.
Table 2. Parallel implementations for IAEA-2D problem
Degree 1CPU 2CPUs 4 CPUs
p #outer Time #outer Time | speedup | #outer Time | speedu
p
4 590 6.5 707 6.9 09 707 42 15
6 707 193 720 134 14 720 78 25




642 36.3 689 233 16 689 131 28
32.476 41.902 45.887 38.704 26.568 29.940 29.409 20.325
1.44 1.09 0.92 0.90 0.97 0.29 -0.19 -1.23
0.19 0.09 0.07 0.08 0.15 0.03 0.01 -0.10
-0.01 —0.02 —0.02 —0.02 0.00 —0.01 0.00 0.00
45.345 46.712 41.543 34.220 32.727 29.839 19.851
0.96 0.84 0.75 0.62 0.16 -0.28 —-1.24
0.09 0.07 0.07 0.05 0.02 0.00 -0.11
-0.02 —0.02 -0.02 —0.01 0.00 0.01 0.00
46.380 42.455 37.218 33.695 29.082 16.658
0.79 0.63 0.44 0.00 —-0.51 -1.90
0.07 0.06 0.03 0.00 —0.09 -0.21
-0.02 -0.01 —0.01 0.00 0.00 0.02
37.681 30.898 28.495 22.583
0.53 0.41 -0.12 -1.26
0.05 0.03 0.00 —0.15
REF : VENTURE —0.01 —0.01 0.01 0.02
PFEM(p=4) %error
PFEM(p=6) %error 200'321 20.073%) 14'24?157
FEM(p=8) %error ) s s
P 0.10 —0.09 -0.25
0.02 0.00 0.03
14.013
—-1.89
—-0.24
0.03

Fig. 4. Results of the IAEA-2D benchmark problem : fast flux.

5.523 9.705 10.771 8.971 4.518 6.927 6.920 5.591
1.26 1.13 0.98 0.95 0.79 0.32 -0.39 -1.38
0.16 0.11 0.09 0.09 0.12 0.04 —0.04 -0.07
0.01 —0.03 -0.02 —0.02 0.02 —0.01 0.00 0.02

10.633 10.964 9.742 7.925 7.675 7.039 5.449
0.97 0.85 0.76 0.66 0.17 —0.53 -1.68
0.09 0.07 0.07 0.07 0.02 —0.05 -0.15

-0.02 —0.02 —0.02 —0.02 0.00 0.00 0.01
10.886 9.965 8.736 7.929 7.221 5.125
0.78 0.63 0.49 —0.03 -0.72 -2.27
0.07 0.05 0.05 0.00 -0.13 -0.13
-0.01 —0.01 —0.01 0.00 —-0.02 0.08
8.837 7.164 6.714 6.266
0.54 0.46 —0.40 —-1.62
0.05 0.04 —0.06 —-0.15
REF : VENTURE —0.01 —0.01 0.00 0.04
PFEM(p=4) %error
PFEM(p=6) %error 36455 5—8 ;ZS igié
PFEM(p=8) %error 0.08 _018 _017
0.04 —0.03 0.09
4.330
—-2.35
—0.15
0.11

Fig. 5. Results of the IAEA-2D benchmark problem: thermd flux.
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Fig. 6. Comparison of computing times for various CPU(S).

2. MOX-fuel loaded core

This is the benchmark test for multigroup case. We tested the code on a four-group reactor core
configuration which consists of three types of homogeneous fuel assemblies including MOX fuel
assemblies, which have a length of 21 cm™. The results are compared with those of VENTURE, which
uses 0.21 cmfor mesh sizes.

The maximum and average errors in assembly power and eigenvalue are summarized in Table 4 and Fig.
7. In the table and figure, it is observed that when the degree p=6 is used, the maximum assembly flux
errors are decreased within 0.2%. The results show that the code is well applicable to multigroup case.

Table 4. Summary of resultsfor MOX-fuel loaded core

Degree p=4 P=5 p=6 p= p=

Eigenvalue error 004 -0.03 -0.01 0.00 0.00
Max. assembly fast flux error (%) 0.99 -1.00 -0.17 -0.23 -0.04
Avg. assembly fast flux error (%) 059 0.49 014 012 0.02
Max. assembly thermal flux error (%) 0.80 0.88 0.19 0.17 004
Avg. assembly thermal flux error (%) 047 042 011 0.10 0.02
CPU times (sec) 11 17 37 42 6.1

" Reference eigenvalue : 1.0672635




43.942 41.269 30.605 2.850 7.544 4.669

0.99 —-0.39 —0.52 0.80 0.47 —0.61

—-0.10 —-1.00 -0.52 0.51 -0.34 —-0.15

0.16 -0.17 -0.13 0.02 0.19 —0.12

—0.07 -0.23 -0.12 0.11 -0.04 —0.05

0.01 —-0.04 —0.02 0.00 0.01 —0.02

35.339 21.954 2.446 3.478

0.82 —0.53 0.08 —0.38

REF : VENTURE 0.07 —0.37 0.88 0.51

PFEM(p=4) %error 0.09 —-0.14 -0.10 0.07

PFEM(p=5) %error -0.01 —0.09 0.17 0.15

PFEM(p=6) %error 0.00 —0.01 0.01 0.04
PFEM(p=7) %error
pPFEM(p=8) %error

a) Total fast flux (group 1,2,3) b) Thermal flux (group 4)

Fig. 7. Results of MOX-fuel loaded core analysis: flux.

V. Conclusons

A computer code based on the p-version of the finite element method and the domain decomposition
was developed to solve the multigroup neutron diffusion equations. The code considers the problem
domain decomposed into several subdomains. These subdomains are solved independently with coupled
data, which are incoming and outgoing partial currents. These partial currents are obtained from fluxes,
which are solved with p-version of the finite element method. This code was tested on the |IAEA-2D
benchmark problem for large core case and a small core including MOX fuel assemblies for multigroup
case. Theresults show accurate assembly average quantities for both cases.

Parallel implementation was performed on IAEA-2D benchmark problem. It was observed that when 4
CPUswere used for solving the problem, computing timeswere significantly reduced.

Application to these benchmark problems shows that this code can provide accurate solutions for two-
dimensional problems, but requires relatively long computing times. Since the code do not use acceleration
schemes, this limitation may be overcome when fully parallel algorithms, or some acceleration schemesin

inner and outer iterations such as coarse group rebalance (CGR)!*? are considered.
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