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Abstract

A linear multiple balance method (LMB) is developed to provide more accurate and positive
solutions for the discrete ordinates neutron transport equations. In this multiple balance ap-
proach, one mesh cell is divided into two subcells with quadratic approzimation of angular flux
distribution. Four multiple balance equations are used to relate center angular flux with aver-
age angular flux by Simpson’s rule. From the analysis of spatial truncation error, the accuracy
of the linear multiple balance scheme is O(A*) whereas that of diamond differencing is O(A?).
To accelerate the linear multiple balance method, we also describe a simplified additive angular
dependent rebalance factor scheme which combines a modified boundary projection acceleration
scheme and the angular dependent rebalance factor acceleration scheme. It is demonstrated,
via Fourier analysis of a simple model problem as well as numerical calculations, that the
additive angular dependent rebalance factor acceleration scheme is unconditionally stable with
spectral radius < 0.2069¢ (¢ being the scattering ratio). The numerical results tested so far on
slab-geometry discrete ordinates transport problems show that the solution method of linear
multiple balance is effective and sufficiently efficient.

1. Introduction

To provide more accurate and faster solutions for discrete ordinates neutron transport
equation, several people have implemented multiple balance schemes or subcell methods.
Among multiple balance schemes, Morel and Larsen[l] suggested simple primitive multiple
balance methods in early 1990s. They divided a base cell into two subcells and used the
standard balance for each discrete spatial cell together with auxiliary equations that repre-
sent approximate balance equations over subregions of the cell. Cell edge scalar fluxes are
introduced by several ways to approximate balance equations over subregions of the cell. The
solutions of primitive multiple balances (PMB, MB-1, and MB-2) are positive and have dif-
fusion limit, but the accuracy is second order as that of diamond differencing. After several
years, Castrianni and Adams[2] also suggested new nonlinear multiple balance methods with
extension to multi-dimensional geometries. That method, which is algebraically nonlinear,
enforces particle conservation on subcells and two multiple balance equations are derived
with approximation of the spatial variation of the source in each subcell as an exponential.
The half-cell-average fluxes and exiting fluxes are obtained analytically by a transport sweep.



Their solutions are strictly positive and fourth-order accurate, but flawed in thick diffusive
and anisotropic problems.

We devise a new linear multiple balance (LMB) method that provides more positive (not
strictly positive) and more accurate solutions with reduced extra memory requirement such as
cell edge source in the linear characteristic method. Subcell is also considered and four balance
equations are used considering two cell edge angular fluxes and two cell center angular fluxes.
The source distribution is approximated as spatially linear in a subcell. In addition, the center
angular fluxes are introduced as unknowns to approximate the angular fluxes as quadratic
distributions. With these additional center angular fluxes, the linear multiple balance scheme
developed in this work gives us more accurate solutions than those of the diamond difference
(DD) scheme. For simplicity, we consider one-group discrete ordinates neutron transport
equation.

In Section 2, we describe the linear multiple balance method for discrete ordinates trans-
port equation. In Section 3, we analyze the spatial truncation errors for the linear multiple
balance method and diamond difference method. In Section 4, a diffusion limit analysis is
given. To accelerate the linear multiple balance method, an additive angular rebalance factor
algorithm is devised in Section 5. In Section 6, we give the numerical results, and in Section
7, we present the conclusions.

2. Derivation of Linear Multiple Balance Method

To describe our linear multiple balance method, we begin with the following one group
slab geometry discrete ordinates transport equation in standard notation:

it (0) + 0% () = (o), (1)
where

q(z) = osp(z) + S(x),

1 N
P(z) = ) an%bn(w),
n=1

and p, and w, are a discrete ordinate set and its weight, respectively.

Note that ¢(z) is actually a function of 9(x), and thus Eq. (1) is solved iteratively with
q(z) assumed to be known at each step of the iteration (source iteration). Integrating Eq.
(1) over a spatial mesh cell 4, of which interval width is A;(= z;4.1/2 — T;_1/2), we obtain a
balance equation as

tin (Y1720 — Yic1/2.m) + Oillithin = Aidin. (3)
Here
_ 1 Tit1/2 B 1 ZTit1/2
Yin = K Tﬁ(l‘)d% Gin = K q(m)dm,
LT 1/2 LT 1/2 (4)

1
¢i:|:1/2,n = ¢n($iil/2)a o; =o0(zi), ;= 5(%’—1/2 + $i+1/2)-

If pup, > 0, then particles flow from left to right, and it is appropriate to solve the transport
equation following spatial cells in the direction from left to right. Then we can assume that
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Figure 1: Unknowns of the linear multiple balance method for cell ¢ and ¢ 41

¥i_1/2,, has been determined from the boundary condition or the solution of the previous
cell, and that g, is known from the previous iteration. Eq. (3) is thus one equation in two
unknowns, the cell average flux ¢, and the exiting flux 1 /2.n-

The diamond difference equation,

- 1
Pin = §(¢i+1/2,n +Pi_1/2.0) (5)

provides one way to relate ;1,2 , and $in. We may say that the diamond difference (DD)
scheme is a linear approximation for angular flux to evaluate cell average flux.

Generally, higher-order approximations for lux may provide more accurate solutions but
other flaws can happen such as instability or negativeness of the solutions. A linear multiple
balance method is proposed to achieve higher accuracy in additions to more positive and
stable properties by assuming a quadratic approximation for angular flux. We apply four
balance equations to derive four unknowns; two mesh center angular fluxes and two mesh
edge angular fluxes. For example, the balance equations are given at the two subcells (cell
and 7+ 1) in Fig. 1.

The four linear multiple balance equations for cell ¢ and ¢ + 1 are given by

Yi1/20 T 4in +Yig12n

tn(Pis1/2,0 — VYio1/20) + A 5 = Agin,
Yiv1/2,0 T 4ivin + Y32, _
pin (Pita2n — Yiv1j2.) + OO [ l6 n T e AGiy1,n,
6
Yic1/2.0 T Aiv1720 + Yiv3jon (6)

tn(Pig3/om — Yic1/2,0) + 20A 5 = AGipn + AGit1,n,

A";bi,n + 4120t ivin  AGin + AGip1n
6 B 2 ’

,U/n('l/}z#»l,n - wl,n) +o

where A = A; = A1, 0 = 0; = 0441, Yip = Y¥n(z;). Here, average angular fluxes are
expressed by

B Tit1/2 - n+4 STy "
b= [ pnla)e = Lz T T i, @

i—1/2

composed of incoming and outgoing fluxes and center flux using Simpson’s rule.
Matrix form for the four balance equations in the linear multiple balance scheme is

Ax=0b, (8)



where

4a 6+a 0 0
A= 0 —6+a 4da 6+ a
- 0 8a 0 6+2a]’
—6+4+a 4a 6+a 0
Gﬁq@n + (6 = a)pi_1/2n
A o
b— . _Gm%—l—l,n ’ (9)
6057 (T + Giv1,n) + (6 = 20)¢; 10,

3ﬁ(q_i,n + Git1,n)
T
T = (Tﬁi,n,1/1i+1/2,n7¢i+1,nﬂ/’i+3/2,n) )
A
7= |A| = 1728a + 172842 + 720a% + 144a®.

U Tl
The determinant of the matrix system is positive, and the angular fluxes are obtained by
direct inversion.
The effect of the truncation errors or positivity due to the spatial differencing procedure
can be seen clearly by examining the case of the uncollided neutrons when the group source
is set equal to zero.[3] Eq. (1) reduces to

pin b (@) + () =0, (10)

where we assume a constant cross section. For a uniform grid with mesh spacing A, the exact
expression for ;13,18

Yir1j2m =€ i 1720, (11)
where
he 08 (12)
2|Un|

The diamond difference scheme will give for ;1,5 , as

1—-nh
VYiv1/2,0 = H—hwi’l/z’”’ (13)
whereas the step scheme gives
1
Yiv1/2,n = m¢i—1/2,n- (14)

But the linear multiple balance method gives, by inversion for the matrix system, as

1
Yig1/2;0 = %{01(6 —h) +c2(6 —2h) Y9172

12 — 12h 4+ 5h% — A3

T 12 + 12h + 5h2 + h3¢n,i—1/2,

(15)
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Figure 2: Comparison of the exact solution with three spatial difference approximations

where

co = 1728 4+ 1728h + 720h* + 144h3,
cl = —192h + 32h?, (16)
c2 = 288 + 56h°.

The linear multiple balance method gives more positive solutions than those of the dia-
mond difference scheme as shown in Fig. 2.

3. Convergence Analysis of Linear Multiple Balance Method

In this section, we examine the observed errors, as the spatial mesh size is reduced, for the
linear multiple balance method. An analysis of the order of convergence is also provided with
Taylor series expansion for slab geometry, one group, discrete ordinates neutron transport
equation.

With Taylor series expansion, the numerical integration and differentiation are [4]

h2 h3 "
Y(@ig1/e) = i+ g+ Srd g e

! h? " h? "
Yioyz) = i = i+ S —
Ti—1/2 h2 h3
[, vtes = i = g

Tit1/2 h2 h3 (17)
[ e = i G

T

Tit1/2 h3 "
/ Y(z)dz = 2hp; + ?'L/JZ e
Ti-1/2

_ Vi = Wity 5K

,lpl/(xi) h2 12 'l,bg“l) + .. .

where 2h = $i+1/2_$i71/2 = A’L



Using Eqgs. (5) and (17), the spatial truncation error for diamond difference (DD) is
derived as

A2 24}

Wl (18)

-1
i =~ 5(?/1z'+1/2 +Pi_12) —
Thus, the diamond difference method exhibits O(A?) global cell edge and cell average errors.
To derive the convergence rate for the linear multiple balance method, the twice differential
operator terms for angular flux is considered. From Eq. (17), we obtain

A2
Yic1/2 + Yiv12 = 29 + —l 2337,0 (19)
and
| A} dyp
(I g(¢i+1/2 + b +hi19) — @w N (20)

Thus, the linear multiple balance method exhibits O(A}) global cell edge and cell average
errors. To test accuracy of the linear multiple balance method, we select the homogeneous
problem described by Larsen and Miller.[5] The one-group and slab geometry problem is
solved using the Sy quadrature set.

d
Mn%@bn( z) + otpp(v) = oy Z WY () + Q,

(21)
—-1<z <1, n:1,2,

P1(—=1) =2(1) =0

where 0 =2, 05 =1, pu1 = 1/V3, ps = —1/+/3, and wy = wy = 0.5.
We also consider a sequence of nine uniform spatial meshes, with A = 227" 1 <n < 9.
We report the relative errors in the cell edge scalar fluxes:

6559 — Bispol

B = ’ <9, 22
" Tomign T g5, o !

Here,
=5 {¢ex Naipryo) + 957 (@iap2)}, 0 <2V, (23)

is the exact solution, computed analytically, and ¢; / is the numerical solution. The relative
errors of the cell average scalar fluxes are also given by
7t~ 6

_ 2
B = o g 1SS 0

Table I shows the cell edge errors(E},) and cell average errors(Ey,) and their error ratios
(Rip, and Ryy,). Error ratio is defined by Ry, = Eypn—1/FEkn, k = 1,2. The results indicate

the second-order (DD) and fourth-order (LMB) accuracies by providing the error ratios of 4
and 16, respectively, for sufficiently fine meshes.



Table I: Cell Edge and Cell Average Errors and Error Ratios

Cell Edge Errors Cell Average Errors
DD LMB DD LMB
Eln Rln Eln Rln E2n R2n E2n R2n
5.4401e-01 — | 1.6108e-02 | — | 1.6903e-01 | — | 5.0051e-03 | —

5.4473e-01 | 0.99 | 4.8374e-01 | 0.03 | 8.5997e-01 | 0.19 | 7.8287e-01 | 0.01
4.6557e-02 | 11.7 | 1.5942e-02 | 30.3 | 3.4035e-02 | 25.2 | 6.9789e-03 | 112
1.0927e-02 | 4.26 | 1.5831e-03 | 10.0 | 1.7639e-02 | 1.92 | 1.5113e-03 | 4.61
2.6745e-03 | 4.08 | 1.9927e-04 | 7.94 | 6.6910e-03 | 2.63 | 1.7728e-04 | 8.52
6.6829e-04 | 4.00 | 1.8241e-05 | 10.9 | 2.1095e-03 | 3.17 | 1.5299e-05 | 11.5
1.6678e-04 | 4.00 | 1.3996e-06 | 13.0 | 5.9693e-04 | 3.53 | 1.1270e-06 | 13.5
4.1685e-05 | 4.00 | 9.7143e-08 | 14.4 | 1.5913e-04 | 3.75 | 7.6275e-08 | 14.7
1.0421e-05 | 4.00 | 6.1304e-09 | 15.8 | 4.1106e-05 | 3.87 | 4.6848e-09 | 16.2
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4. Diffusion Limit Analysis of Linear Multiple Balance Method

In strongly diffusing media, the transport equation becomes or has properties of the dif-
fusion equation as an asymptotic limit. Therefore, a diffusion limit analysis for any transport
method would provide some assurance that the method has some validity, even if it is not
mathematically rigorous as a transport method.

The diffusion the limit analysis for the linear multiple balance scheme is derived similarly
to the diamond difference scheme as described in a Larsen’s paper.[6]

The balance equation is given as

/2—?(¢i+1/2,n — Yi—1/2,0) + Oiin = Osi ;wn";zn + Qi (25)
To begin with diffusion limit analysis, the following asymptotic assumptions are needed:
o; — %, Osi — % — 04i€, Qi — Qe (26)
Then, the asymptotic balance equation becomes
%(%H/z,n = Pi_1/2,0) + %f&zn = (% — €04;) ; Wy i + €Q;. (27)
Now, the angular flux may be expressed by a summation of series

Yo=Y PP = gD e+ D 4 (28)
k=0

First, collecting terms for O(1/¢),
-0 (0
oi(P) = > waPlo) =0,

(0 (0
P = g0,



Second, collecting terms for O(1),

Uz(@ﬁfln) - an%@(lﬁ) = _%(wgi)l/ln - ¢§2)1/2,n)’

F o) M (0)
wi,n - ¢z o Uzzz (¢z+1/2n - T'bz 1/2, n)

Finally, for O(e)
(1 (0
Z wn"/h n) — ——i(¢l+)1/2 n f@bl 1/2, n — Oqj Z wnwl(’n) + Qz
If solvability condition is applied by summing Eq. (31) over w,,, then
1 1 (0
Z wnun(¢§+)1/27n - TPE_)I/Q’,%) = _O'aihiqsg ) + hiQi,
(0
> wnun(wg_li_)g/gyn - ¢§i)1/27n) = _O'a,i+1hi+1¢¢('+)1 + hit1Qit1,
n

Z wn#n(@bﬁ)m - %(172) = —Ua,i+1/2hi+1/2¢_>g?31/2 + hi+1/2Qi+1/2-

(30)

(32)

Using En wy, =1, En Wy by, = 0, En wn,u% = 1/3a and @Ei,n = (¢i71/2,n+4¢i,n +¢i+1/2,n)/67

we have

6 Z W (1/31(—11—)1,n - lez(,ln))

+ hiQi + 4hir1/2Qiv1/2 + hit1Qiv1-
Combining O(1) and O(1/¢) conditions, we have

"o 0) 6 2, (0) 0)
B Ul+lhz+1 Z wnun n,i+3/2 wn,i+1/2) + ﬂ ; wnun(wn,i+1/2 - ’l'bn,ifl/2)

2 (0) (0) 2 (0 (0)

= T oiethin Pirs2 ~ Pirje) + %(¢i+1/2 — i 1y9)-

From Eqgs. (33) and (34), we get

2 (0) (0) 2 (0 (0) 3 700
Ry (¢i+3/2 - ¢z‘+1/2) + %(d’iﬂm - ¢z>1/2) + 0a,ihi¢;

+ 4Ua,i+1/2hi+1/2(}_s§i)1/2 + Ua,i+1hi+1¢_)£)1 = hiQi + 4hi112Qiv1/2 + hit1Qit1-

Thus, we have a diffusion-like form for the linear multiple balance method.

5. Acceleration of Linear Multiple Balance Method

(33)

(34)

(35)

Various algorithms have been developed to accelerate the source iteration for discrete
ordinates equation. Among these algorithms, the diffusion synthetic acceleration (DSA)[7]



is most popular and unconditionally stable and rapidly convergent. Recently transport syn-
thetic acceleration (T'SA)[8], boundary projection acceleration (BPA)[9], and angular depen-
dent rebalance (ADR)[10] factor acceleration methods were developed. These schemes have

generality with respect to geometry, discretization scheme, and mesh shape.

To accelerate the linear multiple balance scheme, it is not trivial to derive DSA for cen-
ter angular flux. So we develop an additive angular dependent rebalance (AADR) factor
algorithm which combines boundary projection acceleration (BPA) and angular dependent
rebalance (ADR) factor acceleration. It is found that the effect of acceleration depends on
the weighting function (W,, = 1, |pn|, (|pn|+1)/2,--+) in the additive angular dependent
rebalance factor scheme. To solve low-order equation effectively, Bi-CGSTAB algorithm is

used.
Linear multiple balance equations at [ + 1/2 iteration is given by
. . A A S LA
B o = V] oA = Al + 50)

1+1/2 1+1/2 1+1/2
- - Vig1/on T4igin + 943570
Hn(d}H_l/z _ ¢{+1/2 )+0’A i+1/2,n +1, i+3/2,n _

Aospiyr + Sit1),

i+3/2;n = Yit1/2m 6
l‘n(@/’ii;ﬁn - ¢ffi§§n) + 2‘7A¢ﬁﬂg’n * 41/)512;;” * ’/’ii;?;n = A(0s¢; + 0siss + Si + Sitr),
O 307y g B W T Btk )

and

¢(+1/2 _ 1 i w @biign + 4¢l+1/2 + wiﬂ?;n
(2 2 n 6 ’

n=1

N 1+1/2 1+1/2 | 1+1/2
1+1/2 1 1/}1'+1/2,n A, T ¢i+3/2,n
VLS g : .

n=1

Considering rebalance factor in D P, form,

¢l+1 ¢l+1/2 f-+’l+1, [in > 07

1+1/2 —l+1
A A A R )
then multiple balance equations at [ 4 1 iteration become

it AT T
l‘n(@/’z{ﬂ/z,n —1[)51'}/2,“) + oAt/ - i+1/2,n _

(BT — 01T ) a2 TR = Al £ Siva),

I+1
z/Ji 1/2,n + 41/11#»1/2 n +1/)z+3/2 n

Aot + S0),

I+1 I+1 — l 1 I+1
l‘l’n(z/)iiS/Q,n - wifl/g,n) +20A 6 = A(os - 5¢J—1 + Si + Siy1),
i+t ol A
I‘Ln(z/)ﬁii,n _ f,tLl) +oA i,m z+16/2 n i+l,n 5(0_5 £+1 + 0. ii{ +8i+ Sz+1)

(36)

(37)

Subtracting Eq. (36) from Eq. (39) and summing over weighting function W, we obtain



the rebalance equations as, for p, > 0,

fit,l+1 +4fi+,l+1 +fi+’l+1
2 B2 = kolou(¢ - 1),

3

kl (f-+,l+1 _ +,l+1) + kOO'A

i+1/2 i—1/2 6
f;‘,-,l+l+4fi-‘,-,l+l+fi-‘,-,l+l
ki (Flaa = £ + koo A 2 = kAo (911 — dlar),
f+,1+1 +4f+,l+1 +f+,l+1 (40)
ki (f403 = FEUD) + koo A== R B — A (9 — 1) + (917 — #hin)),
FHFLpaphl g el
BT = £ + koo S = D A0 {0 — 80 + (B~ i),
and for p, <0,
f;l+1+4f;,1+1+ i7,1+1
= k1(fiafs = 1000 + koo AT = ooy (6! — 4),
B B fi—,l-‘rl +4fi—,l+l +fi—,l+l
- kl(fi+’é72l - fiJr’ﬁ;) + koo AT 21 +3/2 _ koAos (111 — dit1), (41)
— 41 — 141 -+l
—I+1 —l+1 i—1/2 +4 i+1/2 +fi+3/2 _ +1 ! I+1 ]
-k (-fi+3/2 - 1_1/2) + koo A 3 = koAUs{(‘f’i —¢i) + (¢i+1 - ¢i+1)}7
B B fi—,l+1 +4fi_’l+-1 +fi—,l+1 %
— k(T = 17 + koo A S = DA (6 ) + (9 — B,
where
N/2 N/2
ko= Wawn, k1= Wywp|unl. (42)
n=1 n=1
Cell average scalar flux is obtained using rebalance factors as
41 +,0+1 4,041 —l+1 —l+1 —l+1
G = g2 R R R Y s R S (43)
i — P :

12

To analyze stability of the additive angular dependent rebalance (AADR) factor algorithm,
we define Fourier ansatz:

I+1 I AT 41/
¢i+1/2,n = w Ape i,
+,0+1 [ AT
f' ’ = w Fj:e i+1/2
Z+1/2 ? (44)

qsi _ wlBei)\xi,
[+1/2 INT;
¢z’+ 12 _ Joeiri

From Eq.(37), we get the following simple equation with coefficients of Fourier ansatz:

An {'L’QunsinH + %(20050 + 4)} = 0,AB. (45)
From Eq.(38), we also obtain
| N2
C= - ngl wpAp (2cos0 + 4)
|2 (2cos6 + 4)o, A (46)

w
12 &= " 2 sind + %(20059 +4)



where
1 NZ/Q (2cos8 + 4)o, A

P = — w .
T2 " 24 sind + % (2cos0 + 4)

n=1

From Eqgs. (40) and (41), two relations for the rebalance factors are given by
. . oA
F, = {szlunsan + k07(20050 + 4)} =koosAlw —1)C, py, >0,
. . oA
F_= {z2k1,unsm9 + k0?(20089 + 4)} =0 Alw—1)C, py <0.

Adding and subtracting Eq.(48) above,

Fy — F_)(i2k 1 pnsin) + (Fy + F— koﬁ 2co0s0 + 4) ¢ = 2kgosA(w — 1)B,
6

A
(P P (2hunsin) + (7 = P2) { 1o 8 eost +.4) b =0,

We may simplify Eq. (49) as

(Fy = FL)P, + (F} + F_)P3 = 2koosA(w — 1) B,
(Fy + F_)Py + (Fy — F_)Py =0,

where
Py = 12k ppsind,

A
Py = kg%(Zcosﬁ +4).

From Eq. (50), we get

P

Fi+F =———
T —P} +P§

2koosA(w — 1)B.
Combining the above equations, we get a formula for frequency w.

1
wC =P, C + E(F+ + F_)(2cos0 + 4)

1 Py
w = P1 + E(QCOSH + 4)2kOUSAW(w - ].)
=P + Py(w—1)
P — P
w =
1-P7
where
1 Py
P4 = 5(20050 + 4)2k005AW

Finally, spectral radius is obtained by taking maximum value of w.

(47)

(49)

(50)

(52)



Table 1I: Spectral Radius and Number of Iterations

| Methods [ A ] 0.01 | 0.1 | 1 | 10 |

| DSA | DD [ 0.16925(13") | 0.20888(13) [ 0.20238(12) | 0.34051(11) ]
AADRO DD | 0.13129(11) | 0.23099(16) | 0.32209(20) | 0.31471(20)
(1) LMB | 0.13131(11) | 0.23101(16) | 0.32195(20) | 0.32368(20)
AADRI DD [ 0.26316(16) | 0.27540(17) [ 0.25229(17) | 0.24711(17)
(Ju)) LMB | 0.26317(16) | 0.27439(17) | 0.25186(17) | 0.25640(17)
AADR2 DD | 0.17872(13) | 0.18931(12) | 0.16702(12) | 0.38685(11)
((Jjpl +1)/2) | LMB | 0.17872(13) | 0.18924(12) | 0.16150(12) | 0.15697(11)

* Number of iterations,

Spectral Radius

** Weight function

=—& DD(AADRO)
4—-+ LMB(AADRO) ‘.
&—< DD(AADR1)
-7 LMB(AADRL)
s— DD(AADR2) J
LMB(AADR2)

2 10° 2 5

Mesh Size (mfp)

10

Figure 3: Spectral radius for various mesh cell sizes (mfp)

To assess performance of the additive angular dependent rebalance (AADR) factor accel-
eration we tested it on a sample problem. Table IT shows the numerical spectral radius and
number of iterations for a homogeneous slab geometry problem which has ¢ = o, = 1 with
vacuum boundary conditions on both sides. The criterion for average scalar flux is given 10~
and S quadrature is used. The results of AADR2 indicate that it is competitive with or
outperform DSA, which results from the use of a proper weighting function. Fig. 3 shows
the spectral radius for AADR in the case of linear multiple balance method (LMB) and di-
amond difference method (DD) from Fourier analysis. As shown in Fig. 3, ADDR with the
weighting function W,, = (Jun| + 1)/2 gives spectral radius < 0.2069¢, whereas Larsen’s DSA
scheme gives spectral radius < 0.2247c. The inversion of the low-order equation in AADR is

performed by Bi-CGSTAB algorithm, which reduces computational burden.
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Figure 4: Distribution of scalar flux for optically thick problem

6. Numerical Tests and Results

The first test is an optically thick problem in diffusive regime:[6]

d 8
Mn%@bn(w) + U"zbn(x) = 0g Z wm";bm(x) +Q,
m=1

c=0,=100, Q=01, 0<z<10cm (55)
Tﬁn(o) =0, Kn > 0,
P (10) =0, pp, <0, Az =lem, 0.lcm

The standard Sig Gauss-Legendre quadrature set is used. Fig. 4 shows the cell average
scalar fluxes for the thick mesh cell and we find that the linear multiple balance method
(LMB) has thick diffusion limit as analytically shown.

The second problem we consider is taken from Reed[11] and consists of a slab with four
regions with distinct compositions. There is a source of magnitude 50 (arbitrary units) located
in the region where the material 1 is placed and a source of magnitude 1 in the region defined
by 5 < < 6. The slab has reflective boundary condition at the left end and vacuum
boundary condition at the right end. The configuration is shown in Fig. 5. This problem
is solved with Sg approximation and error criterion is 10™%. Reference solution is obtained
by diamond difference of which mesh size (A) is 0.01em. The results of diamond difference
method, linear multiple balance method, and linear characteristics method are shown in Fig.
6. The diamond difference shows strong oscillations in the optically thickest region because
mesh size is too large. For linear multiple balance method as well as linear characteristics
method, we can observe that there are little oscillations, due to multiple balances over a
spatial cell.
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Figure 6: Distribution of scalar flux for Reed problem (mesh size = 0.2cm)

7. Conclusions

We have developed a new linear multiple balance method (LMB) to get accurate solutions
for slab geometry discrete ordinates neutron transport equations. One mesh cell is divided
into two subcells with quadratic approximation of angular flux distribution and four multiple
balance equations are used to relate center angular flux with average angular flux by Simpson’s
rule, leading to improved accuracy and positivity. From the error analysis, the orders of cell
truncation errors and global cell flux errors are O(A*) and the numerical results confirmed
the accuracy of the method. The method has also diffusion limit and it was accelerated by
an additive angular dependent rebalance factor algorithm. Fourier analysis of a simple model
problem as well as numerical calculations shows that the additive angular dependent rebalance
factor acceleration algorithm is unconditionally stable with spectral radius < 0.2069¢ when
proper weighting functions are used. As a concluding remark, the new linear multiple balance
method with additive angular dependent rebalance factor acceleration provides high accuracy
and may offer various advantages over the existing methods.
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