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1. Introduction 

 
Rayleigh-Taylor instability for two inviscid fluids 

has been widely used to develop the models for the 
prediction of critical and minimum heat fluxes since [1]. 
A historical review of the hydrodynamic theories of 
boiling is described in [2]. The average distance between 
rising bubbles for film boiling is governed by the most 
dangerous wavelength. The interface rising speed is 
determined by the most rapid growth rate. However, 
when the gas film becomes thin to the extent of creeping 
flow, the viscous force is dominant over the inertia force. 
In this case, the gas viscosity cannot be neglected. Thus, 
a question may be raised. Can the hydrodynamic models 
based on the inviscid flow analysis predict well the 
physical phenomena even for thin gas films? Is the gas 
film thick enough to neglect the wall effect? 

The purpose of this study is to answer the above 
question. The effects of fluid viscosity and phase change 
are discussed in this study. Afterward, the critical heat 
flux and minimum film boiling are appreciated in view 
of thin viscous films. The existing critical heat flux 
models for saturated pool boiling on horizontal surfaces 
are modified to improve the prediction capability at 
elevated pressures. 
 

2. Rayleigh-Taylor Instability 
 

The two-dimensional configuration of Rayleigh-
Taylor instability is depicted in Fig. 1. A lighter fluid 
(gas) is bounded by a heating wall and a semi-infinite 
heavier fluid (liquid) in the extent. In this chapter, the 
most dangerous wavelength ( dl ) and the most rapid 
growth rate ( dw ) are derived using four different  
analyses. 

 
Fig. 1. Two-dimensional configuration of RT instability. A 
lighter fluid is beneath a heavier fluid 

 
2.1 Inviscid Flow Analysis 

 
The fluid viscosities are neglected in the classical 

inviscid flow analysis. The linear stability analysis for a 
small disturbance (~ exp( )ikx tw+ ) leads to the following 
dispersion relation: 
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where w , k , r , d , s , and g  are the growth rate, 
wavenumber, fluid density, fluid layer thickness, surface 
tension, and gravitational acceleration, respectively. 
Subscripts 1 and 2 represent the lower and upper fluids, 
respectively, and 2 1r r rD = -  is the density difference. 
For a thick gas film beneath semi-infinite liquid, dl   and  

dw  can be obtained by equating /d dkw  to zero. 
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where 1/2
,inf 2 ( / )c gl p s r= D  is the critical wavelength 

for two semi-infinite fluids. On the other hand, for thin 
gas layers ( 1 0kd ® ), Eq. (1) goes over into 

1/22 4
1 1( ) /gk kw d r s ré ù» D -ë û .  (4) 

From this, we obtain 

( )1/2
,inf2 2 / 2d cgl p s r l= D = , (5) 

( )1/2
1 10.5 /d gw r d r s= D .  (6) 

Equation (1) was solved for a vapor film beneath semi-
infinite water at the saturated conditions. Figure 2 shows 
the results. The abscissa is the gas film thickness divided 
by the capillary length ( 1/2( / )cl gs r= D ). In Fig. 2, IF 
stands for the inviscid flow analysis. ,inf/d cl l  is no 

longer 3  for thin films, but is approaches 2 . For 
minimum film boiling of water at  atmospheric pressure, 

1d  is the order of 0.1 mm and cl  is estimated to 7.8 mm; 

1 / cld =0.0128. It is seen in Fig. 2 that ,inf/d cl l  is about 

1.7 3»  for 1 / cld =0.0128. [3] performed the inviscid 
flow analysis in a non-dimensional form, and arrived at 
the similar result. However, as a matter of fact, all the 
curves in Fig. 2 must be shifted rightward on the whole 
(see Fig 3 for a fully viscous flow analysis). Comparison 
of Fig. 2 with Fig. 3 will be discussed in section 2.3. 
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Fig. 2. Results of the inviscid flow analysis (IF) and the viscous 
potential flow analysis (VPF) for saturated properties of water 
and vapor 

 
[4] incorporated the effect of phase change into R-T 

instability based on inviscid flow analysis. In his analysis, 
the base interface was set to be at rest without 
evaporation. This situation may occur in highly 
subcooled film boiling [5]. In the limit of the thin gas 
film beneath the semi-infinite liquid, the dispersion 
relation of [6] is approximated to (details are not 
described here) 

2 41 ( )gk kd
w r s

a
= D -  .  (7) 

where 2
1 1/WK T La d= D  is a measure of heat and mass 

transfer at the interface ( K : thermal conductivity, 
W W satT T TD = - : wall superheat, L : latent heat). 

Equation (7) indicates ,inf2d cl l=  no matter how 
evaporation is intensive, which is not correct. This 
prediction may be attributed to the fact that the viscosity 
is not included in the analysis.  

 
2.2 Viscous Potential Analysis 
 

In potential flow, the fluid velocity is described by 
the gradient of a scalar function (velocity potential). As 
a result, a potential flow is characterized by an 
irrotational velocity field. When the vorticity is zero 
(irrotational flow), the viscous term in the Navier-stokes 
equation is identically zero, but the viscous stresses are 
not zero [7]. In the stability analysis based on the viscous 
potential theory, tangential stresses are not considered 
but viscosity enters through normal stress balance at the 
interface, and the motion of fluid is governed by the 
Bernoulli's equation. This viscous potential flow analysis 
was applied to capillary instability by [8], and it was 
shown to be a better approximation of the exact solution 
than the classical inviscid model in view of the growth 
rate. The dispersion relation for Rayleigh-Taylor 
instability based on the viscous potential model was 
obtained by [9], and  was modified by [10] to include the 
evaporation effect. 

The dispersion relation given by [10] (not described 
here) was solved for the vapor film beneath the semi-
infinite water, without phase change. Figure 2 compares 

the results with the classical inviscid analysis. For thick 
vapor films, there is almost no difference between the 
viscous potential analysis (VPF) and the classical 
inviscid analysis (IF). However, for VPF, dl  increases 
unboundedly with decreasing the gas film thickness. This 
prediction is not correct. Therefore, the viscous potential 
flow analysis seems inappropriate for R-T instability for 
thin viscous film, in view of dl  and dw . 

 
2.3 Fully-Viscous Flow Analysis 
 
An instability analysis for viscous fluids was made by 

[11]. Since his work is based on the complete Navier-
Stokes equation, it is considered to be the exact solution. 
The dispersion relation for a gas layer bounded by a wall 
and semi-infinite liquid is described in Appendix 1. 
Figure 3 shows  ,inf/d cl l  as a function of 1 / cld  for 
saturated properties of water and vapor, which was 
obtained by numerically solving the dispersion relation 
Eq. (A.1) in Appendix 1. While ,inf/d cl l  asymptotically 

settles to 3  for thick films, it approaches 2  for the 
thin films. 

Let us compare the curves in Fig. 3 with those in Fig. 
2. On the whole, the curves in Fig. 3 are shifted rightward, 
compared to those in Fig. 2. Therefore, dl  predicted by 
the inviscid flow analysis is higher than that by the 
viscous flow analysis. In particular, the movement of the 
curve is remarkable for the low pressure. For example, 

1 / cld  is estimated as 0.0128 for the minimum film 
boiling at atmospheric pressure. At this film thickness, 

,inf/d cl l  is about 3  in Fig. 2, but it is close to 2  in 
Fig. 3. Moreover, since the vapor thickness decreases in 
increasing pressure, ,inf/d cl l  would be 2  at high 
pressures. A fully viscous flow analysis was also 
performed for pentane and Freon 133 at atmospheric 
pressure. For those fluids, ,inf/d cl l  fell below 1.45 
when 1 / cld  decreased to 0.1 (not provided here). 
However, since 1 / cld  is estimated to be about 0.05 at 
minimum film boiling [3], ,inf/d cl l would be 2 . 
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Fig. 3. Result of the fully viscous flow analysis for saturated 
properties of water and vapor 
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[12] included phage change in the stability analysis 

for two semi-infinite fluids with the same kinematic 
viscosity. [12] showed that there was a strong stabilizing 
effect arising from the coupling of viscosity and phase 
change. However, Ho's dispersion relation does not 
reduce to the form derived by [11] for the case of 
isothermal flow. [13] presented a more accurate 
dispersion relation for the same fluid configuration than 
[12]. No previous work has been found on the stability 
analysis for the case in which two fluids have different 
viscosities, their thicknesses are finite, and phage change 
takes place at the interface. 
 
2.4 Thin Film Analysis Based on Lubrication Theory 

 
According to a fully viscous flow analysis, the gas 

film is thin enough for flow to be viscous dominant. If 
the film is very thin, a parallel creeping flow can be 
assumed. However, the dispersion relation by the fully 
viscous flow analysis is still complicated to be solved 
analytically. A way to find a good solution is to use the 
lubrication theory for thin gas/liquid films. The motions 
of thin liquid films were extensively reviewed by [14] 
and [15]. The interface evolution of a thin gas film 
beneath semi-infinite liquid was investigated by [16], but 
without evaporation. [17] incorporated the evaporation 
effect into the lubrication approximation. However, the 
vapor thrust (or vapor recoil) at the interface was not 
considered. [18] included the vapor thrust effect for 
saturated film boiling, but discussion was limited to a 
specific condition near the critical pressure. 

In Appendix 2, the lubrication equation is formulated 
considering the vapor thrust effect not only for saturated 
film boiling also for subcooled film boiling. The 
interface evolution equation is given by Eq. (A.11). 
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where 
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( , )h h x t=  is the interface height hereafter. The first two 
terms on the right-hand side in Eq. (8) account for net 
inflow into the vapor film through the interface, and R   
takes charge of the vapor thrust effect. 

An instability analysis is now performed. The liquid 
layer is much thicker than the gas layer such that 
H h H- » . Let *h h=  be the interface height of a base 
state, which is spatially uniform but time-dependent. 
Since every order partial derivative of *h  with regard to 
x is zero, Eq. (8) becomes 

*
1 2
*

Q Qh
t Hh

¶
= -

¶
.   (10) 

For saturated film boiling ( 2 0Q = ), all of the heat 
conducted across the vapor layer goes into evaporation. 

In this case, *h  increases continuously with time since 
the right-hand side of Eq. (10) has a positive value. For 
subcooled film boiling ( 2 0Q ¹ ), there exist a stationary 
solution. Initially, *h  may remain, increase, or decrease 
depending on the initial interface height, but it eventually 
attains a steady-state when the right side of Eq. (10) 
becomes zero. 

Let us impose a small perturbation on the base state 
( *h h¢ << ). 

*( , ) ( ) exp( )h x t h t h ikx tw¢= + +  . (11) 
If the base state is time-dependent, the growth rate 
depends not only on the wavenumber but also on time. 
Substituting Eq. (11) into Eq. (8) and neglecting the 
products of small perturbed quantities ( 0h h¢ ¢ » ), 

*

1 1 2
* *2

2 4
*3

2
21 1 1 2

1 *3 *2
2

( ) exp( )

exp( )

exp( )2 212

h t h ikx t
t t
Q Q Qh ikx t

Hh h

gk k
h h ikx tQ Q Q k

h h H

w w

w

r s
wr rm

r

¶ ¶ ¢+ +
¶ ¶
é ù¢= - + -ê úë û

é ù-D +
ê ú ¢- +æ öDê ú+ -ç ÷ê úè øë û

.

     (12) 
Equation (10) is subtracted from Eq. (12) to give 
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The growth rate is then computed as 
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Unless the base state is time-dependent, ω is not a 
function of time. In this case, 
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Our main concern is placed on the most dangerous 
wavelength. In Eq. (14), the term *2

1 /Q h-  does not 
influence dl  since 1Q  and *h  are independent of k . 
Thus, w  is maximized when the value in the square 
bracket in Eq. (14) has the largest value. Consequently, 
we can obtain the most dangerous wavelength as follows: 

( )2 1
2d R

g Mrl p
s

D
= -  ,  (16a) 

2
1 1 1 1 2

*3 *2
2 2

2 2
R

Q Q QM
gh gh H
r r

r r
= - .  (16b) 

This is the analytical expression for dl  based on the 
lubrication approximation, which is valid not only for 
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saturated film boiling but also for subcooled film boiling. 
We call RM  the vapor thrust number. As *h  increases 
(but still thin enough for creeping flow) or the subcooling 
increases, the vapor thrust number reduces, and thus dl  

approaches ,inf2 cl . For 1RM ³ , the present analysis is 
no longer valid and other theoretical analyses should be 
used. Figure 4 shows the vapor thrust number for 
saturated minimum film boiling of water ( 2 0Q = ). The 
computation details will be described in section 3.2. As 
seen in Fig. 4, the vapor thrust number is much small than 
unity in the wide range of pressure, so that dl  is 

,inf2 cl   at the minimum film boiling point. However, 
the vapor thrust number may be important for high heat 
fluxes. 
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Fig. 4. Vapor thrust number for saturated minimum film boiling 
of water 

 
 

3. Applications to Hydrodynamic Models 
 

3.1 Critical Heat Flux 
 
[1] laid the foundation of a hydrodynamic theory for 

critical and minimum heat fluxes in pool boiling on 
horizontal surfaces. Lienhard and his coworkers have 
supported Zuber`s model by extending the applicable 
range [19, 20]. Arguments for Zuber`s formulation are 
described in [2]. Another type of critical heat flux model 
in pool boiling was proposed by [21], that is, the liquid 
macro-layer dryout model. Later, [22] extended the 
applicable geometries and flow conditions. Very recently, 
[23] proposed a critical heat flux model based on the lift-
off concept of the liquid macro-layer. The above critical 
heat flux models are limited to inviscid liquids for 
surfaces that are well wetted. 

[1] postulated that for critical heat flux, vapor jets rise 
at the nodes of Taylor waves whose distance is l . As a 
result, the following expression for critical heat flux was 
suggested. 

0.5
max 1 1 1 2(1 / )

16
q LUp r r r= +  ,   (17) 

1 12 / HU ps r l= ,   (18) 

The rising gas jet velocity ( 1U ) is expressed in terms of 
the critical wavelength ( Hl ) by Kelvin-Helmholtz 
instability. His choice for Hl  was the critical 
wavelength for capillary waves on a circular jet, 

2 2 ( / 4) / 2H jRl p p l pl= = = , where jR   is the radius 
of a circular gas jet. If the distance between nodes of 
Taylor waves is expressed as ,infcl bl= , Zuber`s 
formulation [1] can be rewritten as 

1/2 1/4 1/2
max 1 1 2( ) (1 / )

24
q C L gp r s r r r= D + ,        (19) 

( )1/2
3 / 2C p b= .    (20) 

Zuber assumed that the wavelength fell between the 
critical wavelength ( 1b = ) and the most dangerous 
wavelength ( 3b = ). Thus, C  varies between 0.909 and 
1.197. He approximated the average value of C , 1.053, 
to unity. As a result, Eq. (19) becomes 

1/2 1/4 1/2
max,Z 1 1 20.131 ( ) (1 / )q L gr s r r r= D + .     (21) 

If l  is replaced with ,inf2d cl l=  according to the 
result in the precedent chapter, C  is computed to 1.006. 
It is interesting to note that this value leads to Eq. (21). 

[20] noticed that Eq. (21) slightly underpredicted the 
experimental data. Thus, they chose ,inf3H d cl l l= =   
instead of 2 jRp .  As a result, Eq. (17) becomes 

1/2 1/4 1/2
max,L 1 1 21.49 ( ) (1 / )q L gr s r r r= D + .       (22) 

Again, when ,inf3d cl l=  is replaced with ,inf2d cl l= , 
We obtain newly 

1/2 1/4 1/2
max 1 1 21.65 ( ) (1 / )q L gr s r r r= D + .          (23) 

Meanwhile, [23] developed a critical heat flux model 
considering the lift-off of the liquid macro-layer. In their 
model, the width of the liquid macro-layer is determined 
by dl . With ,infd cl bl= , their expression becomes 

1/2 1/4
max 1

1/4 1/10
1 2 1 2

( )

(1 / ) ( / )

q C L gr s r

r r r r

= D

´ +
 , (24) 

1/4(0.00341 / )C p b= .   (25) 
[23] used 3b =  based on the inviscid flow analysis, 
which yields 0.2445C = . Thus, Eq. (24) becomes   

1/2 1/4
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1/4 1/10
1 2 1 2
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r r r r
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The ratio of this model to Zuber`s model is 
1/4 1/10

max,G max,Z 1 2 1 2/ 1.866(1 / ) ( / )q q r r r r-= + , which 
indicates a larger increase in critical heat flux with 
increasing pressure than Zuber`s model. If 2b =  is used 
as a result of viscous films, we obtain newly 

1/2 1/4
max 1

1/4 1/10
1 2 1 2

0.271 ( )

(1 / ) ( / )

q L gr s r

r r r r

= D

´ +
. (27) 

The leading coefficient is increased by 11 % compared 
to Guan`s original model. 
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Only a small amount of experimental data is available 

for critical heat flux on large horizontal surfaces. The 
present modified models, Eqs. (23) and (27), are 
compared with experimental data for water in Fig. 5 and 
6, respectively. Zuber`s correlation considerably 
underpredicts critical heat flux for elevated pressures. 
However, the present models predict critical heat flux 
more accurately in a wide range of pressure.  
 
3.2 Minimum Film Boiling 

 
dl  and dw  for minimum film boiling of water are 

investigated in this section. As seen in Eqs. (16a) and 
(16b), the most dangerous wavelength is affected by the 
vapor trust number RM . Let minTD   and mind  be the wall 
superheat and the vapor film thickness at the minimum 
film boiling point, respectively. In this section, RM  is 
evaluated for saturated minimum film boiling ( *

minh d=
and 2 0Q = ). 

2 2
1 1 1 min

,min *3 2 3
2 1 2 min

2 2( )
R

Q K TM
gh gL
r

r r r d
D

= = . (28)  

To evaluate ,minRM , minTD  and mind  must be determined. 
[24] developed a minTD  correlation for horizontal 

cylinders from the extensive experimental data sources. 
The correlation covers the full range of pressure up to the 
critical pressure. He stated that minTD  is not sensitive to 
surface configuration and dimensions. [25] measured 

minTD  for various horizontal flat surfaces, but the test 
pressures were not very high (up to 12 bar). Figure 7 
shows the variation of minTD  with saturation pressure, 
where Yao` data points are for a stainless steel surface. It 
is shown that minTD  does not vary significantly in a low 
pressure range. As a first approximation, minTD  is 150 oC 
in a pressure range of 1~12 bar in [25]. The maximum 
liquid superheat ( msT ) can be used to set minTD  at high 
pressures. The maximum liquid superheat was computed 
by 80.905 0.095( / )ms sat cr crT T T Té ù= +ë û  in terms of 

Kelvin [26]. It is interesting to note that ms satT T-  
matches Nishio`s predictions well at high pressures. 

10-4 10-3 10-2 10-1 100
0

2

4

6

8
 Lienhard (1973) (EXP)
 Bailey (2006) (EXP)
 Sakashita (2009) (EXP)
 Zuber (1959), Eq. (21)
 Lienhard (1973), Eq. (22)
 Present study, Eq. (23)

q m
ax

 (M
W

/m
2 )

p/pcr (-)
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minTD  was set to the minimum value between 150 oC and 

ms satT T-  for calculating ,minRM . 
The minimum vapor film thickness was computed by 

min 1 min/K Hd =  through a simple conduction equation, 
where minH  is the heat transfer coefficient. The most 
widely used correlations for the heat transfer coefficient 
in film boiling on horizontal surfaces are those developed 
by [27] and [3]. A number of numerical simulations 
verified that these two correlations can predict the heat 
transfer coefficient with acceptable accuracy even at 
high pressures [28-33]. It is also known that the 
correlations for fully developed film boiling can be 
applied even to minimum film boiling. Berenson`s 
correlation was used to determine minH . 

1/4
3

1 1
min

1 min

0.425
/

k L gH
T g

r r
m s r

é ùD
= ê ú

D Dê úë û
.    (29) 

For minimum film boiling, vapor properties at the mean 
vapor film temperature are not very different from those 
at the saturation temperature. Therefore, vapor properties 
at the saturation temperature were used to evaluate the 
heat transfer coefficient. Figure 4 shows that RM  is 
much small than unity in a wide range of pressure. 
Consequently, the vapor thrust effect can be neglected so 
that dl   is  ,inf2 cl  for minimum film boiling. 
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Next, the most rapid growth rate is discussed. 

Neglecting the vapor thrust effect in Eq. (14), we can 
write, for saturated minimum film boiling, 

*3
2 41

*2
10

1 ( )
12

t Q h gk k dt
t h

w r s
m

é ù
= - + D -ê ú

ë û
ò . (30) 

The growth rate is determined by two contributions. At 
the initial height *

minh d= , *2
1 /Q h   may be dominant 

over *3 2 4
1( ) /12h gk kr s mD - ; the interface grows 

uniformly. However, the latter term increases rapidly as 
the interface grows while the former term diminishes. 
Therefore, the interface growth would be governed by 
the latter term during the most period until the bubble 
detaches from the wall. This behavior is also seen in 
numerical simulations by [34]. For this reason, the 
growth rate can be approximated as 

*3
2 4
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1 ( )
12

t h gk k dt
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w r s
m

é ù
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ë û
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If the growth rate is assumed to be constant in time, the 
most rapid growth rate becomes 

3 2*3 2
min

1 1

( )( )
48 48d

gh g d rrw
m s m s

DD
= = .  (32) 

Finally, the minimum heat flux is discussed. [1] 
proposed the minimum heat flux correlation taking the 
following form: 

min min 1 d dq C Lr w l= .   (33) 
The coefficient minC  depends on the bubble diameter at 
breakoff, the release frequency, and the bubble spacing. 
Zuber substituted Eqs. (2) and (3) into Eq. (33) to obtain 

1/4

min 1 2
1 2( )

gq C L s rr
r r

é ùD
= ê ú+ë û

.  (34) 

He suggested the coefficient 0.176C =   for the semi-
infinite vapor film. [27] related C  to the initial vapor 
film thickness, and determined 0.091C =  from the 
experimental data at atmospheric pressure. [25] found 
that Berenson`s model works at only very low pressure 
(2 bar or less), and that it overpredicts unrealistically 
minimum heat flux at high pressures. A totally 
theoretical expression for constant C  may not be 
possible unless the initial vapor film thickness is 
determined theoretically. 

Substituting ,inf2d cl l=  and 3 2
min ( )d gw d r= D    

1/48m s  (Eq. 32) into Eq. (33), 
3

1 min
min min

1

2
24

gL gq C r r dp r
m s

D D
= .   (35) 

Equating Eq. (35) to 1 min min/K T dD , we obtain the 
following: 

1/4 1/4

1 1 min
min

1min

24
2

K T
L g gC
m sd
r r rp

é ù é ùD
= ê ú ê ú

D Dê ú ë ûë û
.(36) 

It is interesting to compare the above with the vapor film 
thickness correlation by [27]. 

1/4

1 1
1

1

2.35 WK T
L g g
m sd
r r r

é ùD
= ê ú

D Dë û
.  (37) 

Equations (36) and (37) become identical if 
1/4

min(24 / 2 ) 2.35Cp = . However, dl  is relative to 
0.5

1d  for thin gas films according to the inviscid flow 
analysis (Eq. (6)), which leads to an unrealistic vapor 
film thickness model. 

 
 

4. Conclusions 
 

Four types of Rayleigh-Taylor instability analyses 
have been applied to thin gas films. In particular, the 
dispersion relation including phase change was derived 
based on the lubrication approximation. The evaporation 
effect was shown to be negligible to find the most 
dangerous wavelength and the most rapid growth rate. 
As a result, it was shown that 2 2 /d gl p s r= D    
should be used for the most dangerous wavelength for 
thin vapor films. This value was used to modify the 
existing critical heat flux for saturated pool boiling on 
horizontal surfaces. The modified correlations showed 
good predictions in the wide rate of pressure. Moreover, 
the thin vapor film analysis correctly led to the 
expression for the vapor film thickness at minimum film 
boiling, which is consistent with the well-known existing 
correlation. The question raised in introduction is now 
answered. If the viscosity effect is neglected for thin gas 
films, the most dangerous wavelength and the most rapid 
growth rate are incorrectly predicted. Therefore, the 
viscous flow analysis must be performed than the 
inviscid flow analysis. 
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Appendix 1 

 
[16] provided the dispersion relation for a gas film 

bounded by a wall and semi-infinite liquid. The 
dimensionless parameters are defined as follows: 

1ka d= ,   (dimensionless wavenumber) 

1 1/c gwm r d= D ,   (dimensionless growth rate) 

2 1/m m m= ,   (viscosity ratio) 

2 1/r r r= ,   (density ratio) 
3 2

1 1 1/F gr r d m= D ,       (relative magnitude of  gravity
   forces to viscous forces) 

2
1 /B gr d s= D ,  (Bond number) 

and 
2p Fca= + , 
2 /q rFc ma= + , 

3 1( ) /T B ca a -= - . 
The linear stability analysis for the Navier Stokes 
equation yields the following dispersion relation: 

1 1 2 2 3 3 4 4 5 5 6 0A B A B A B A B A B A+ + + + + = ,    (A.1) 
where 
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[ ]2 2

1 ( ) ( )A p T mq qa a= - - + , 
2 2 2

2 ( ) ( ) 2 (1 ) ( )A T m q m q m m qa a a aé ù= - + + + - -ë û   
2 2

3 ( ) ( )A m p p qa a= - + , 
2 2 2 2

4 ( ) 2 ( )A p m p qa a a= + + - , 

[ ]2
5 2 ( ) 2A p m qa a a= - + , 

[ ]2 2
6 2 ( ) ( ) 2A p p m qa a a a= + - + , 

and 
1 cosh sinh sinh coshB p p pa a a= - , 

2 2
2 2 (1 cosh cosh ) ( )sinh sinhB p p p pa a a a= - + +    

3 cosh sinh sinh coshB p p pa a a= -  

4 sinh sinh cosh coshB p p pa a a= - , 

5 sinh sinh cosh coshB p p pa a a= - . 
Equation (A.1) relates the dimensionless growth rate ( c ) 
to the dimensionless wavenumber (a ). 
 

Appendix 2 
 

In this appendix, an interface evolution equation is 
derived considering evaporation. In general, the interface 
evolution equation is derived through scaling analysis. 
Here, the interface evolution is formulated in a simple 
manner. The vapor is assumed to be incompressible. 
Take a small 2D control volume in a vapor film (Fig. 8). 
Let iv , 1iv , and 2iv  denote the interface velocity, the 
vapor velocity at the interface, and liquid velocity at the 
interface, respectively. The interface varies slowly in 
space. 1iv  is assumed to be nearly uniform within the 
interval Δx. Unless the evaporation is quite intensive, the 
flow will be nearly parallel to the wall. According to 
numerical simulations for horizontal film boiling [35], 
the vapor flow is parallel to the wall in most regions. 

From the conservation of mass ( 1 2, ,in out outQ Q Q : 
volume flow rates, m2/s), 

3
1 1 1

1

1 ( )
12i x x

h p
m

é ù× = ë ûv n  .  (A.2) 

The fraction 1/12 is because a Poiseuille flow is assumed. 
If the shear stress at the interface had been negligible, the 
fraction would be replaced by 1/3. The unbalanced 
energy transfer at the interface leads to vapor generation. 
  

 

Fig. 8. Control volume in a thin vapor film 
It is assumed that heat transfer occurs in liquid due to the 
steady conduction only. Thus, 

[ ]1 2
1 1 1( )W L

i i
K T K T L

h H h
r

D D
- = - - ×

-
v v n , (A.3) 

where K , L , W W satT T TD = - , and L sat LT T TD = -  are 
the fluid thermal conductivity, latent heat, wall superheat, 
and liquid subcooling, respectively. Equation (A.3) is 
arranged to give 

1 2
1 1 1

1 1

1 1W L
i i

K T K T
L h L H hr r

D D
× = - + ×

-
v n v n .(A.4) 

Substituting for 1 1i ×v n  from Eq. (A.2), we obtain 

1
1

1

32
1

1 1

1

1 1 ( )
12

W
i

L
x x

K T
L h

K T h p
L H h

r

r m

D
× =

D
é ù- + ë û-

v n
.(A.5) 

Because the interface is nearly parallel to the wall, the 
right-hand side can be approximated to 1 /i h t× » ¶ ¶v n . 
Defining 1 1 1/WQ K T Lr= D   and  2 2 1/LQ K T Lr= D , Eq. 
(A.5) can be recast into 

31 2
1

1

1 ( )
12 x x

Q Qh h p
t h H h m

¶ é ù= - + ë û¶ -
. (A.6) 

For an isothermal flow ( 1 2 0Q Q= = ), the pressure 
gradient term is expressed by 1( ) ( )x xx xp h g hr s= - D -  
owing to the normal pressure balance condition at the 
interface ([Yiantsios and Higgins [16]]. When phage 
change takes place, however, the term should be 
modified to include the vapor thrust effect. 

[ ]1 1 1 2 1( ) ( )x xx i i x
p h g h mr s= - D - - - ×v v n& ,(A.7) 

where 1 1 1 1( )i im r= - ×v v n&  is the mass efflux. The vapor 
thrust term in Eq. (A.7) can be expressed as 

2
1 1 2 1 1

1 2

( )i im mr
r r
D

- × =v v n& & ,  (A.8) 

by the conservation of mass. The vapor generation rate 
per unit interface area is given by 

1 2
1

1 2
1

( )
W LK T K Tm

Lh L H h
Q Q
h H h

r

D D
- = -

-

æ ö= -ç ÷-è ø

&

.  (A.9) 

Upon substituting the above into Eq. (A.8), we obtain 
1 1 2 1

2 2
1 1 1 2 2

2 2
2

( )

2
( ) ( )

i iR m

Q Q Q Q
h H hh H h

r
r

r

= - ×

é ù
= D - +ê ú- -ë û

v v n&

. (A.10) 

Consequently, using the relations by Eqs. (A.7) and 
(A.17), Eq. (A.13) becomes             

31 2

1

1 ( )
12 xx x x

Q Qh h h g h R
t h H h

r s
m

¶ é ù= - - D + +ë û¶ -
.

     (A.11) 
This is the interface evolution equation for thin viscous 
gas film including the phase change effect. 
 


