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1. Introduction 

 
In current, there are many nuclear system analysis 

code such as RELAP5, COBRA-TF, TRACE, TRAC, 

MARS and SPACE. These codes are using for regulation 

of nuclear systems by simulation of transient and steady 

state behavior of thermal-hydraulic systems. During the 

accident, the system pressure can fluctuate dramatically. 

So, there are many phenomena such as flashing, 

condensation and boiling. Therefore, two-phase model is 

implemented in these system codes. The one-

dimensional conservation equations for mass, energy and 

momentum of the flow are solved by semi-implicit 1st 

order numerical scheme for space and time discretization. 

The 1st order numerical scheme is very robust and stable. 

But it is highly diffusive and less accurate. These 

characteristics are critical drawback in modeling the 

dramatically fluctuated situation like LOCA (Loss Of 

Coolant Accident).  

There are two drawbacks in current nuclear system 

analysis code. First, the 1st order numerical scheme on 

the fixed grid can occur excessive numerical diffusion 

problem in simulation of accident condition due to the 

dramatic fluctuation. So, the prediction is less accurate 

and conservative than reality.  

Second is very strict global requirement on the time 

step for the dramatic fluctuation. The time step is 

controlled by Courant number of explicit time 

integration schemes. Furthermore, the time step should 

be extremely small in order to reduce the error near the 

regions where the gradients should be high during the 

analysis. This results in inefficient computational cost. 

And even the code is dead.  

Therefore, the 1st order numerical scheme on the fixed 

grid is not desirable during the analysis of accident 

conditions. So, the high predictive capability and 

efficient computational cost are required for the 

advanced nuclear system analysis code. For this study, 

the in-house code has been developed for application of 

the higher-order numerical schemes on 1D thermal-

hydraulic system analysis code [11]. In this code, the 

moving mesh method is applied to compare the 

performance of the moving mesh method and the higher-

order numerical schemes.  

 

2. Methods and Results 

 

For this study, MARS code will be used as the 

reference code. A single phase transient analysis code 

which is possible to calculate in the first-order and the 

higher-order scheme but mimics MARS solver is built in 

MATLAB environment. This code is called TWICE 

code (Transient Water system analysis code with ICE 

method) [11]. By using this code, this study will be 

conducted to evaluate performance of the moving mesh 

method in terms of the accuracy and computational cost. 

through a simple pipe flow simulation.  

 

2.1 Governing Equations on Moving Mesh 

 

The vast majority of numerical methods for solving 

hyperbolic problems like the governing equations of 

MARS code have been developed for fixed grids [1]. In 

the analysis of the nuclear system, the major challenge is 

to capture the sharp peak or the dramatic changes with 

sufficient accuracy while also keeping the efficient 

computational cost. Since these discontinuities are not 

stationary, it is attractive to allow the mesh points to 

move in time so that fine grid resolution can be 

maintained near discontinuities, thereby attaining a 

balance between accuracy and efficiency [1].  

The governing equations of MARS and TWICE codes 

are typically indicated like eq. (1).  

 
𝜕𝑓

𝜕𝑡
+

𝜕(𝑓𝑢)

𝜕𝑥
= 𝑆   (1) 

 
where f = ρψ , ρ  is density of fluid, ψ = 1  for the 

mass equation, ψ = u  (velocity) for the momentum 

equation, ψ = e  (internal energy) for the energy 

equation and S is source/sink terms of each equation. Let 

0 ≤ ξ ≤ 1  be the computational domain in which we 

have a fixed uniform grid with 𝜉𝑖 = (𝑖 − 1)∆𝜉 for i=1,2, 

…, N+1, with ∆𝜉 = 1/𝑁. We also have a grid mapping 

X(ξ, t) with the property that 

 

𝑥𝑖
𝑛 = 𝑋(𝜉𝑖 , 𝑡𝑛) 

 

So, the differential equations (1) are transformed to an 

equation in (ξ, t)  using a smooth mapping function 

𝑋(ξ, t) [2]. 

Let 𝑓(𝜉, 𝑡) ≡ 𝑓(𝑋(𝜉, 𝑡), 𝑡)  and 𝑆̃(𝜉, 𝑓) =

S(X(𝜉, 𝑡), 𝑓). Then we compute 

(𝑓𝑢)𝜉 = (𝑓𝑢)𝑥𝑋𝜉 → (𝑓𝑢)𝑥 =
(𝑓𝑢)𝜉

𝑋𝜉

 

𝑓𝑡 = 𝑓𝑡 + 𝑋𝑡𝑓𝑥 = 𝑓𝑡 +
𝑋𝑡𝑓𝜉

𝑋𝜉

→ 𝑓𝑡 = 𝑓𝑡 −
𝑋𝑡𝑓𝜉

𝑋𝜉
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Inserting these in eq. (1) and multiplying by 𝑋𝜉  gives 

𝑋𝜉𝑓𝑡 + (𝑓𝑢)𝜉 − 𝑋𝑡𝑓𝜉 = 𝑋𝜉𝑆̃  (2) 

We can put the left-hand side in conservation form by 

noting that 

𝑋𝜉𝑓𝑡 = (𝑋𝜉𝑓)𝑡 − 𝑋𝜉𝑡𝑓 

𝑋𝑡𝑓𝜉 = (𝑋𝑡𝑓)𝜉 − 𝑋𝑡𝜉𝑓 

And so eq. (2) becomes 

(𝑋𝜉𝑓)𝑡 + [(𝑓𝑢)
𝜉

− (𝑋𝑡𝑓)
𝜉

] = 𝑋𝜉𝑆̃ 

(𝑋𝜉𝑓)𝑡 + ((𝑢 − 𝑋𝑡)𝑓)
𝜉

= 𝑋𝜉𝑆̃  (3) 

So, eq. (3) can be discretized on the uniform 

computational grid in ξ (when S=0).  

𝑘𝑖+1/2
𝑛+1 𝑓𝑖+1/2

𝑛+1 = 𝑘𝑖+1/2
𝑛 𝑓𝑖+1/2

𝑛

−
Δ𝑡

Δ𝜉
[(𝑢𝑖+1

𝑛+1 − 𝑥̇𝑖+1
𝑛 )𝑓𝑖̇+1

𝑛

− (𝑢𝑖
𝑛+1 − 𝑥̇𝑖

𝑛)𝑓𝑖̇
𝑛] 

(4) 

Where 𝑘𝑖+1/2
𝑛 = 𝑋𝜉(𝜉𝑖 , 𝑡𝑛),  𝑥̇𝑖

𝑛 = 𝑋𝑡(𝜉𝑖 , 𝑡𝑛) and  

𝑓𝑖̇
𝑛 = 𝑓𝑖−1/2

𝑛 + 𝜙(1 − 𝜈𝑖)
𝑓𝑖+1/2

𝑛 − 𝑓𝑖−1/2
𝑛

2
 if 𝑢

𝑖−
1
2

𝑛+1 ≥ 0 

= 𝑓𝑖+1/2
𝑛 − 𝜙(1 − 𝜈𝑖)

𝑓𝑖+1/2
𝑛 − 𝑓𝑖−1/2

𝑛

2
 if 𝑢𝑖−1/2

𝑛+1 ≤ 0 

where 𝜈
𝑖+

1

2

=
𝑢𝑖+1/2

𝑛+1 Δ𝑡

Δ𝑥𝑖+1/2
 is the Courant number. 𝜙 is 

determined by the numerical schemes as shown in 

Table I.  

 Table I. 𝜙 for the numerical schemes 

 

We must rewrite eq. (4) using the observation. 
𝜕𝑘

𝜕𝑡
=

𝜕𝑋𝑡

𝜕𝜉
 

This equation is discretized as below. 

𝑘𝑖+1/2
𝑛 𝑓𝑖+1/2

𝑛 = 𝑘𝑖+1/2
𝑛+1 𝑓𝑖+1/2

𝑛 −
Δ𝑡

Δ𝜉
(𝑥̇𝑖+1

𝑛 − 𝑥̇𝑖
𝑛)𝑓

𝑖+
1
2

𝑛  

Inserting this in eq. (4) and rearranging gives  

𝑘𝑖+1/2
𝑛+1 𝑓𝑖+1/2

𝑛+1 = 𝑘𝑖+1/2
𝑛+1 𝑓𝑖+1/2

𝑛

−
Δ𝑡

Δ𝜉
[(𝑢𝑖+1

𝑛+1 − 𝑥̇𝑖+1
𝑛 )𝑓𝑖̇+1

𝑛

− (𝑢𝑖
𝑛+1 − 𝑥̇𝑖

𝑛)𝑓𝑖̇
𝑛 + (𝑥̇𝑖+1

𝑛 − 𝑥̇𝑖
𝑛)𝑓

𝑖+
1
2

𝑛 ] 

(5) 

 

2.2 The Moving Mesh PDE 

 

To determine the movement of mesh points, the 

moving mesh PDE approach by Huang et al. [1] is used.  
𝜕

𝜕𝜉
(𝑀

𝜕𝑥̇

𝜕𝜉
) = −

1

𝜏

𝜕

𝜕𝜉
(𝑀

𝜕𝑥

𝜕𝜉
)        (6) 

where M is the monitor function, τ  is temporal 

smoothing parameter.  

A commonly used form of the monitor function is the 

arclength monitor function [1].  

𝑀𝑖+1/2 = √1 +
1

𝛼
|
𝑄̅𝑖+1 − 𝑄̅𝑖

𝑥𝑖+1 − 𝑥𝑖

|

2

 

Where 𝛼 is the regularizing factor to avoid excessive 

concentration of the mesh points, 𝑄̅𝑖+1 =
𝑄𝑖+1/2Δ𝑥𝑖−1/2+𝑄𝑖−1/2Δ𝑥𝑖+1/2

Δ𝑥𝑖+1/2+Δ𝑥𝑖−1/2
,  𝑄𝑖+1/2  is a variable which 

determines the movement of mesh points. 

The monitor function is largest where Q changes 

rapidly. So, eq. (6) serves to concentrate mesh points in 

regions where the gradient is high. However, to smooth 

the mesh, a regularized version 𝑀̃ is used. 

𝑀̃𝑖+1/2

= √ ∑ 𝑀
𝑘+

1
2

2 (
𝛾

1 + 𝛾
)

|𝑘−𝑖|

/

𝑘=𝑖+𝑖𝑝

𝑘=𝑖−𝑖𝑝

∑ (
𝛾

1 + 𝛾
)

|𝑘−𝑖|
𝑘=𝑖+𝑖𝑝

𝑘=𝑖−𝑖𝑝

 

where 𝛾 and 𝑖𝑝  are the spatial smooth factors. 𝛾 = 2 

and 𝑖𝑝 = 4 are recommended in [1].  

So, eq. (6) is taken by Crank-Nicholson discretization 

like eq. (7). 

𝑀̃
𝑖+

1

2

𝑛+1(𝑥𝑖+1
𝑛+1 − 𝑥𝑖

𝑛+1) − 𝑀̃
𝑖−

1

2

𝑛+1(𝑥𝑖
𝑛+1 − 𝑥𝑖−1

𝑛+1) =

𝑀̃
𝑖+

1

2

𝑛+1(𝑥𝑖+1
𝑛 − 𝑥𝑖

𝑛) − 𝑀̃
𝑖−

1

2

𝑛+1(𝑥𝑖
𝑛 − 𝑥𝑖−1

𝑛 ) −
Δ𝑡𝑛

2𝜏
(𝐸𝑖

𝑛+1 +

𝐸𝑖
𝑛)  (7) 

Where 𝐸𝑖 is a centered approximation to the term on 

the right hand side of eq. (6) given by  

𝐸𝑖 = 𝑀̃
𝑖+

1
2

(𝑥𝑖+1 − 𝑥𝑖) − 𝑀̃
𝑖−

1
2

(𝑥𝑖 − 𝑥𝑖−1) 

So, the solutions are obtained by solving eq.(4) and 

eq.(7) in each time step. Fig. 1 shows the algorithm of 

TWICE code with the moving mesh method algorithm. 

 

 
Fig. 1. Algorithm of TWICE code with the moving 

mesh method 

 

2.3 Numerical Tests 

 

A single phase pipe flow with a sine pulse of 

temperature is modeled by MARS and the TWICE codes 

separately and the results are compared to each other. Fig. 

2 shows the configuration of single phase pipe flow with 

a sine pulse of temperature. In this test, the fluid flows at 

1m/s through the pipe with cross sectional area of 0.5m2 

and 20m in length. The initial temperature and pressure 

Numerical scheme for the spatial  

1st order upwind scheme 𝜙=0 

2nd order upwind scheme 𝜙=3, 𝜈=0 

Lax-Wendroff scheme 𝜙=1 

Centered differencing scheme 𝜙=1, 𝜈=0 
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of the fluid is 300K and 101,325Pa, respectively. The 

temperature of the injected fluid is changed with time as 

shown in Fig. 3. The pulse width is 5sec and the interval 

is 1.5 sec. This simulation is performed for several 

numbers of meshes to compare MARS with the TWICE 

code. A sensitivity test for other higher-order scheme is 

conducted. Table 1 shows the higher-order numerical 

schemes used for the sensitivity tests. 

 

 
Fig. 2. Configuration of single phase pipe flow with sine pulse 

of temperature 

 
Fig. 3. Temperature profile of fluid injected at pipe inlet 

 
Table I: Higher-order Numerical Schemes for Sensitivity 

Tests 

Temporal scheme Spatial scheme 

1st order backward Euler 

scheme 

1st order upwind scheme 

2nd order upwind scheme 

2nd order backward Euler 

scheme 

Centered differencing 

scheme 

Lax-Wendroff scheme 

 

2.3 Results 
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Fig. 4. Comparison of temperature profile for 1st order upwind 

& 2nd upwind scheme on the fixed mesh and moving mesh 
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Fig. 5. Comparison of temperature profile for 2nd order Lax-

Wendroff (LW) & 2nd centered differencing (CD) scheme on 

the fixed mesh and moving mesh 
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Fig. 6. Mesh movement along the time for 1st order upwind 

scheme on the moving mesh 
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Fig. 7. Mesh movement along the time for 2nd order upwind 

scheme on the moving mesh 
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Fig. 8. Mesh movement along the time for 2nd order Lax-

Wendroff scheme on the moving mesh 
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Fig. 9. Mesh movement along the time for 2nd order centered 

differencing scheme on the moving mesh 
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Fig. 10. Comparison of calculation time for the moving mesh 

and fixed mesh with the higher-order numerical schemes 
 

3. Conclusions 

 

This study evaluated the performance of the moving 

mesh method with the higher-order numerical schemes 

for the next generation nuclear system analysis code. The 

accuracy is slightly improved in the moving mesh than 

the fixed mesh. The results of the mesh movement show 

that the mesh points move depending on the propagation 

of the temperature pulse along time. The calculation time 

on the moving mesh is not much different with the fixed 

mesh. Also, there is no difference between the higher-

order numerical schemes on the calculation time. Since 

the time step control on the fixed mesh is not carried out, 

the moving mesh method applied to the nuclear system 

analysis code has the possibility of improvement for the 

calculation efficiency. The more detail discussion will be 

presented during the conference.  
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