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1. Introduction 

 
In the history of transport analysis methodology for 

nuclear systems, there have been two fundamentally 

different methods, i.e., deterministic and Monte Carlo 

(MC) methods [1-5]. Even though these two methods 

coexisted for the past 60 years and are complementary 

each other, they never been coded in the same computer 

codes. Recently, however, researchers have started to 

consider to combine these two methods in a computer 

code to make use of the strengths of two algorithms and 

avoid weaknesses [5-9]. Although the advanced modern 

deterministic techniques such as method of 

characteristics (MOC) can solve a multigroup transport 

equation very accurately, there are still uncertainties in 

the MOC solutions due to the inaccuracy of the 

multigroup cross section data caused by approximations 

in the process of multigroup cross section generation, 

i.e., equivalence theory, interference effects, etc. 

Conversely, the MC method can handle the resonance 

shielding effect accurately when sufficiently many 

neutron histories are used but it takes a long calculation 

time. There was also a research to combine a multigroup 

transport and a continuous energy transport solver in a 

computer code system depending on the energy range 

[10,11]. This paper proposes a hybrid deterministic-MC 

method in which a multigroup MOC method is used for 

high and low energy range and continuous MC method 

is used for the intermediate resonance energy range for 

efficient and accurate transport analysis. 

 

2. Methodology 

 

2.1 Deterministic Method 

 

This section briefly summarizes the deterministic 

MOC. After integration over energy and space, the 

Boltzmann neutron diffusion equation can be written as 

below for a direction of m [1,2]:  
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where g is the energy group index, i is the mesh index, 

m represents the direction of neutron motion m , and 

,

g

m iQ  is the angular source in the direction m, group g, 

mesh i which can be written as: 
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With the assumption of constant source and constant 

material property in each mesh, Eq. (1) can be 

integrated along the neutron motion path, 
ms , from the 

entering point ( 0ms  ) to the exiting point of the mesh 

i: 
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where , ( )g

m i ms  is the outgoing angular flux from the 

mesh i, in direction m, group g. Using Eq. (3), a 

multigroup transport problem can be solved by tracing 

the neutron trajectories along rays laid out over the 

problem geometrical domain with uniform spacings 

along the quadrature set directions. Usual fission source  

update and power method will be used to update system 

eigenvalues. 

 

2.2 Monte Carlo Method 

 

The MC method can be written formally as below to 

represent the probabilistic process [12]: 
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where ( , , )E r Ω is the particle collision density, 

( , , )C E E   r Ω Ω  is the collision kernel, 

( , , )T Er r Ω  is the transport kernel, and ( , , )Q Er Ω  

is the fission source term. In the MC simulation, the two 

kernels are realized using random numbers and 

probability distribution functions (PDF) based on the 

underlying physics. 

 

2.3 Hybrid Method 

 

Hybrid method uses the MOC and MC together in the 

solution process of Boltzmann transport equation. The 

approach in this paper is to use MOC for high and low 

neutron energy groups and MC for intermediate energy 

groups in an anticipation to use MC for resonance 

energy groups with continuous energy cross sections. As 

in the conventional methods, the group sweeping order 
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in the hybrid method is from the highest energy group 

(g=1) to the lowest energy group (g=ng) where ng is the 

total number of groups. The groups for MC simulation 

are from gb to ge. In this hybrid method, the method for 

the neutron source calculation is same as the 

conventional MOC except for the fact that the MC 

tallied fluxes are used for those MC groups.  And the 

flux updates for the groups of high energy MOC, from 1 

to (gb-1), are same as the conventional MOC. The 

hybrid algorithm is shown in Fig. 1.  

 

 
 

Fig. 1. Hybrid deterministic-MC algorithm 

 

The MC simulation in the hybrid method is a fixed 

source problem using the source from upper energy 

groups. The sites of source neutrons are sampled 

uniformly in each cell and the total number of source 

neutrons, 
g

in , in cell i, group g, is proportional to the 

source from the high energy MOC groups, i.e.,  
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where N is the total number of starting neutrons in each 

cycle and 
g

ip  is the fraction of the source neutrons in 

cell i, group g, and calculated as follows: 
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With the number of source neutrons by Eq. (5), the 

MC simulation for the multigroup neutron slowing-

down problem is performed for the groups from gb to 

ge, and neutron fluxes are tallied. This MC simulation 

will repeats K times and the tallied fluxes are used to 

update scattering sources for low energy groups and 

fission sources for the next outer iterations. 

 

3. Numerical Results 

 

A model pin cell problem is designed to test the 

proposed method. Fig. 2 shows the model problem 

geometry with fuel, clad, and coolant regions. The 

coolant region is subdivided into two calculation 

meshes in the radial direction for MOC. Three sets of 8-

group macroscopic cross sections are provided for those 

three regions. The COO1 and COO2 regions use the 

same cross sections. The boundary conditions are all 

reflective. 

 

 
 

Fig. 2. Model problem 

 

Fig. 3 shows the keff values over the cycles for hybrid 

calculation. Due to the statistical nature of MC method 

applied to the intermediate energy groups, the solution 

of hybrid method in Fig. 3 fluctuates similarly to the 

MC solution. It does not monotonically converge like 

MOC-only method but it is noted that it reaches 

stationary condition after 100 iterations. Therefore, the 

hybrid solutions in Table I were averaged over the 

iterations from 100 to 200 and statistically processed to 

obtain variances. The numbers (0/10/10000) at the title 

represents the number of inactive/active/histories per 

cycle. 

 

 
 

Fig. 3. Keff behavior in hybrid method 
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Table I. Eigenvalue summary 

Method 

inactive/ 

active/ 

histories 

keff 

Std. 

dev. 

(pcm) 

Error 

(pcm) 

MC 50/1600/20k 1.27804  15  - 

MC 50/100/10k 1.27834  97  30  

MOC - 1.27815  - 11  

HYBRID 0/10/10k 1.27842  59  38  

HYBRID 0/100/10k 1.27831  19  27  

 

The eigenvlaues of five different calculations are 

summarized in Table I: two MC solutions, one MOC 

solution, and two hybrid solutions. The first MC 

solution is the reference solution for comparison. The 

numbers of inactive cycles, active cycles, and histories 

per cycle are 50, 1600, and 20000, respectively as 

shown in the second column. The second MC result 

with less number of neutron histories matches the 

reference solution within the statistical uncertainty. 

MOC solution is also within the uncertainty. In case of 

the hybrid method, there is no need of inactive cycle 

since the MC source neutrons are sampled from the 

source term obtained in the upper group MOC 

calculation. Two hybrid cases use 10 and 100 active 

cycles each and the standard deviation reflects the 

different number of neutron histories. Two eigenvalues 

match the reference solution within uncertainties. It can 

be noted that MC-only, MOC-only, and the hybrid 

methods produce consistent solutions. 

 

4. Conclusions 

 

A new hybrid method that combines the 

deterministic MOC and the probabilistic MC method is 

proposed to solve the Boltzmann transport equation 

more accurately especially for the continuous energy 

problems. This paper presented the methodology of the 

multigroup version and the results of its application to a 

model problem. From the comparison with the reference 

MC calculation and the conventional MOC calculation, 

it was confirmed that the new method produces 

consistent solutions with the MC-only and MOC-only 

methods. Further study of the application of this hybrid 

method to the continuous energy Boltzmann transport 

equation is underway. 
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