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1. Introduction 

 
Limited-angle tomography (LAT) is an x-ray imaging 

technique for reconstructing a three-dimensional image 

based on sparse projection data. The LAT is generally 

used for industrial non-destructive testing on thin slab 

geometry such as printed circuit boards (PCBs) which 

have a large difference of thicknesses with respect to the 

projection angle [1,2]. The conventional filtered 

backprojection (FBP) algorithm is one of the most 

widely used methods for LAT, but the FBP-based LAT 

suffers from artifacts in reconstructed images since the 

sparse projection data results in the null space of the 

Fourier domain [3]. These artifacts limit spatial 

resolution along the depth direction. The artifacts can be 

reduced by additional filtering but linear filtering is not 

sufficient to recover the missing Fourier data. As an 

alternative for linear filtering, low-resolution cross-

sectional images can be obtained by truncating Fourier 

data. 

Since it is difficult to compensate for the uncollected 

data, we propose a theoretical model describing the 

effective slice thickness for FBP-based LAT, which is 

the maximum thickness that can be properly 

reconstructed, with respect to the scan ranges. From 

effective slice thickness, we define slice thickness (i.e., 

𝑧-directional voxel pitch) and the proposed method is 

validated by evaluating artifact-spread function (ASF) 

and its half-width at half-maximum (HWHM) using 

aluminum disc phantom. 

 

2. Methods and Materials 

 

2.1 Theoretical background 

 

For the FBP-based LAT algorithm, a single slice 

𝑓(𝑥, 𝑦) at a specific depth 𝑧 can be obtained as: 

 

𝑓(𝑥, 𝑦; 𝑧) = 𝑘 ∫
𝐷2

(𝑑−𝑙)2 𝑔𝛽
∗ (𝑢, 𝑣) d𝛽

𝛽scan
, (1) 

 

where 𝛽scan  is the total scan angle, 𝑔𝛽
∗ (𝑢, 𝑣)  is the 

filtered projection data, and 𝑘 refers to the normalization 

factor. 𝐷 and 𝑑 respectively denote the source-to-axis of 

rotation (AOR) and source-to-detector distance, and 𝑙 is 

the distance between reconstructed voxels and AOR. 

The filtered projection data 𝑔𝛽
∗ (𝑢, 𝑣) can be obtained 

by integrating the convolution of the weighted projection 

data and the filter ℎ. 

 

𝑔𝛽
∗ (𝑢, 𝑣) = ∫ [

𝐷2

√𝐷2+𝑢2+𝑣2
𝑔𝛽(𝑢, 𝑣)] ℎ(

𝐷𝑥′

𝑑−𝑙
− 𝑢) d𝛽

∞

−∞
, (2) 

 

where 𝑥′  indicates the 𝑥-axis rotated by the projection 

angle 𝛽. 

The impulse response of LAT can be approximated as 

(𝛽scan|𝑓𝑢|)−1 [4] and filter H in the frequency domain is 

 

𝐻(𝑓𝑢) = 𝛽scan|𝑓𝑢|𝑊(𝑓𝑢).  (3) 

 

It is a typical ramp filter scaled by 𝛽scan  and an 

additional window function, called the spectral filter [5], 

is adjusted to regularized high-frequency noise. Then we 

adapt Hann window as a window function: 

 

𝑊(𝑓𝑢) =
1

2
[1 + cos (

𝜋𝑓𝑢

𝐵𝑓𝑢

)] for |𝑓𝑢| < 𝐵𝑓𝑢
, (4) 

 

where 𝐵𝑓𝑢
 is the cutoff frequency, which is determined 

as the Nyquist frequency of the detector pixel pitch p. 

The voxel size of the LAT depends on the 

magnification 𝑀 = 𝑑/𝐷  and 𝛽scan . Based on the 

parallel-beam geometry, the reconstructed volume can 

be represented as a cylinder with a radius 𝑟 , and the 

distance between the maximum and minimum points 

where the incident beam is tangent can be defined as the 

reconstructable depth. We define this depth as the 

effective slice thickness: 

 

𝑑𝑒𝑓𝑓 = 2𝑟 sin(𝛽scan/2)    (𝛽scan ≤ 180°).  (5) 

 

Eq. (5) shows that the reconstructable depth gradually 

decreases with decreasing 𝛽scan  and more voxels are 

required to express the same depth compared to 

conventional cone-beam computed tomography (CBCT) 

geometry. Therefore, the slice thickness ∆𝑧  for LAT 

reconstruction can be defined as: 

 

∆𝑧 = (
𝑝

𝑀
)/ sin(𝛽scan/2).    (6) 

 

 

2.2 Validation 

 

To validate the theoretical model, the ASF and its 

HWHM are evaluated by experiments and numerical 

simulations for an aluminum disc phantom. The ASF(𝑧) 

can be defined as a ratio of contrasts of the aluminum 

disc at a central slice (𝑧=0) and other slices. 

 

ASF(𝑧) =
Δ𝜇(𝑧)

Δ𝜇(𝑧)|𝑧=0
,    (7) 
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where Δ𝜇(𝑧) denotes the contrast of the aluminum disc. 

The phantom is composed of a cylindrical polymethyl 

methacrylate which has a diameter of 30 mm and a height 

of 30 mm, and an embedded aluminum disc with a 

diameter of 10 mm and a thickness of 1 mm. For the 

numerical simulations, the phantom is generated with a 

dimension of 512  512  512 and a voxel pitch of 0.1 

mm. 

Projection data for various 𝛽scan are acquired using a 

bench-top CBCT system. A tungsten target x-ray tube 

(XTF5011, Oxford Instruments, Oxfordshire, UK) emits 

a 45 kVp spectrum at each step angle of ∆𝛽 = 1, and a 

1032  1548 formatted x-ray detector (Shad-o-Box 1548 

HS, Teledyne Rad-icon Imaging Corp., Sunnyvale, CA) 

with a pixel pitch of 99 μm is used for image acquisition. 

𝐷 and 𝑑 are 665.86 mm and 443.91 mm, respectively. 

The numerical simulations for the same condition 

described above are performed using MATLAB®  

(R2020b, MathWorks, Natick, MA). In addition, the 

same experiments for a PCB sample are performed to 

provide qualitative analysis for more practical objects. 

 

3. Preliminary Results 

 

Fig. 1 compares the ASF curves obtained for various 

𝛽scan. The artifacts due to the sparse projection become 

severe as 𝛽scan  decreases. The HWHMs of ASFs for 

various 𝛽scan are summarized in Fig. 2. Lines in Fig. 2 

are estimated HWHM curves by 𝑎/ sin(𝛽scan/2) + 𝑏 , 

which is based on our effective slice thickness model. 

The model describes well the simulation and 

experimental results. 

Fig. 3 compares tomographic images of a PCB sample 

that are reconstructed using anisotropic voxels that 

account for effective slice thickness and conventional 

isotropic voxels. As shown in Fig. 3(a), visual inspection 

validates that the effective slice thickness increases with 

increasing 𝛽scan . In contrast, the reconstruction with 

isotropic voxel size results in significant blurring along 

the 𝑧-direction. 

 

4. Conclusion 

 

A theoretical model for describing effective slice 

thickness for the FBP-based LAT algorithm has been 

introduced. The proposed model showed good 

agreement with simulation and experimental results for a 

wide range of 𝛽scan . Qualitative analysis for the PCB 

sample showed a large improvement in image quality 

compared to the conventional method, despite the 

incomplete reconstruction due to the lack of data is 

inevitable. The modeling and validation of the effective 

slice thickness for the cone-beam geometry will be our 

next study. 
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Fig. 1. ASF curves obtained for various 𝛽scan. (a) and (b) 

represent numerical simulation and experimental results, 

respectively. 

 
Fig. 2. Summary of HWHM values calculated from ASFs 

shown in Fig. 1. (a) and (b) represent numerical simulation 

and experimental results, respectively. 

 
 
Fig. 3. Comparison of coronal sections of a PCB sample. The top and bottom rows show the reconstruction results using effective 

slice thickness and isotropic voxel, respectively. Columns from left to right respectively represent 𝛽scan of 30, 60, 90, and 360 

degrees. 
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