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1. Introduction 
 

Nucleation and growth mechanism is a fundamental 
process in the formation of solid-state materials and the 
initial stage of the formation of a new phase within a 
material [1]. It involves the formation of small, stable 
clusters of atoms known as nuclei and can occur through 
two primary mechanisms: homogeneous nucleation and 
heterogeneous nucleation [2]. 

In the zirconium-based cladding in nuclear industry, 
nucleation and growth of hydrides occurs [3]. Once 
hydrogen atoms diffuse into the cladding, they cluster 
together to form stable hydride nuclei and these nuclei 
can form homogeneously within the bulk material 
(intragranular hydrides) or heterogeneously at grain 
boundaries (intergranular hydrides), dislocations, and 
vacancy defects [4]. 

Recently, several studies have been performed for the 
nucleation and growth, especially, homogeneous 
nucleation of the zirconium hydrides and represented the 
effect of metastable phases (𝜁, 𝛾) on the stable phase (𝛿) 
and evaluated the threshold stress level for the single 
hydride and stacking structure of the hydrides [5,6]. 

In this study, the evaluation of threshold stress 
inducing hydride reorientation will be performed using 
the multiphase-field modeling with nucleation and 
growth mechanism. In addition, the effect of the 
dislocation loop on the nucleation of hydrides will be 
represented. 
 

2. Simulation details 
 

For the evaluation of the threshold stress, multiphase-
field model developed by J. Bair, et al., [5] was utilized 
in this study. 
  
2.1 Multiphase-field modeling 
These equations are the governing equations used in the 
multiphase-field modeling: 
 
𝜕𝑐
𝜕𝑡 = ∇ ⋅ M-∇

δF!"!
𝛿𝑐 0 

(1) 

𝜕𝜂
𝜕𝑡 = −𝐿
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𝛿𝜂  

(2) 

∇ ⋅ 𝝈 = 0  (3) 
 
where the c is the composition of the hydrogen in the 
zirconium, the 𝜂 is the structural order parameter, and 
the 𝜎  is the stress. The total free energy, 𝐹#$# , is 

composed of the chemical free energy, gradient energy, 
and elastic free energy. By using the free energy, the 
nucleation and growth of the hydrides in the zirconium 
cladding will be represented. 

 
2.1.1 Chemical free energy 

In multiphase-field modeling for the zirconium 
hydrides, the four phases including 𝛼 -Zr, 𝜁 − 𝑍𝑟%𝐻 
, 𝛾 − 𝑍𝑟𝐻 , 𝛿 − 𝑍𝑟𝐻&.(  are used and 𝜖 − 𝑍𝑟𝐻%  is 
excluded because the amount of hydrogen is not enough 
to form the 𝜖 − 𝑍𝑟𝐻% in the cladding. In the multiphase-
field modeling, the chemical free energies for the four 
phases are used after quadratic interpolation as follows: 

 
𝐹) = 100.0?𝑐 − 𝑐)

*+@%, (4) 

𝐹, = Δ𝐺,(?𝑐 − 𝑐,
*+@% − 1.0), (5) 

𝐹- = Δ𝐺-(?𝑐 − 𝑐-
*+@% − 1.0), (6) 

𝐹. = Δ𝐺. D?𝑐 − 𝑐.
*+@% − 1.0E. (7) 

 
where the Δ𝐺/  is the formation free energy of the 

phase p and 𝑐/
*+ is the equilibrium concentration of the 

phase p. In addition, double-well potential, g, and penalty 
function, k, for the balance between each phase were also 
used in the chemical free energy with the dependence on 
the order parameter, 𝜂.  The ℎ(𝜂)  is the interpolation 
function defined as 𝜂0(6𝜂% − 15𝜂 + 10). The 𝜔 is the 
height of double-well potential and p used in Eq. (8) is 
the penalty prefactor. Therefore, the chemical free 
energy was used in this study as the Eq (1). 

 
𝐹12*3 = Σℎ(𝜂)𝐹/ +𝜔𝑔(𝜂) + 𝑝𝑘(𝜂) (8) 

 
The chemical free energies of each phase were plotted 

in the Fig. 1. In Fig. 1, the common tangent line between 
two different phases, 𝑔/+, are also plotted. 

 
Figure 1. Chemical free energy of each phase of Zr-H. 
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2.1.2. Gradient energy 
The gradient energy for the multiphase-field modeling is 
used as the tensor. The gradient coefficient, 𝜅45, can be 
obtained by the relation with the height of the double-
well potential 𝜔, the thickness of the interface, 𝑙, and the 
interface energy, 𝜎 . The interface energy 𝜎  should be 
used separately with the stress, 𝝈. The gradient energy is 
used as follow: 
 

𝐹6789 =
𝜅45
2
|∇𝜂|% (9) 

 
2.1.3. Elastic free energy 
The elastic free energy can be obtained by using 
Khachaturyan’s microelasticity theory [7] as follow: 
 

𝑓*: =
1
2𝐶45;:

#$# 𝜖45*:𝜖;:*: (10) 

 
where the 𝐶45;:#$#  is the total stiffness tensor interpolated 
using the function ℎ(𝜂4)  as 𝐶45;:#$# = Σ4ℎ(𝜂4)𝐶45;:4  of 4 
phases and the 𝜖45*: is the elastic strain. 
 
2.2 Dislocation dynamics 
Dislocation dynamics for the dislocation loop in this 
study stems from the fact established by Nabarro that the 
dislocations can be described as a set of coherent 
misfitting platelet inclusions whose stress-free strain is 
an invariant plane strain. We set the arbitrary dislocation 
loop in the center of the system as the platelet with the 
thickness d to show the effect of the loop on the hydride 
precipitates. 
 

𝜖45*: =	𝜖45#$# −	𝜖45
34<=4# − Σℎ(𝜂94<:)𝜖4594<: (11) 

 
where the 𝝐𝒊𝒋𝒕𝒐𝒕 is the total strain, 𝝐𝒊𝒋

𝒎𝒊𝒔𝒇𝒊𝒕 is the eigenstrain 
from the lattice mismatch between two different phases, 
and the 𝝐𝒊𝒋𝒅𝒊𝒔𝒍 is the dislocation eigenstrain which can be 
obtained by using the thickness d, burgers vector b and 
unit vector normal to the slip plane n as 𝝐𝒊𝒋𝒅𝒊𝒔𝒍 = 𝒃𝒊𝒏𝒋/𝒅. 
 
2.3 Nucleation and growth of hydrides 
The initial formation of hydrides is used as the nucleation 
based on the classical nucleation theory. Using the 
equations for the nucleation probability, critical size of 
the nuclei, and the corresponding critical formation free 
energy, we inserted the nucleation and growth 
mechanism in this study. The equations used in the study 
are as follow: 

𝑟∗ =
2𝜎

Δ𝐺H − Δ𝐺*:
 (12) 

Δ𝐺∗ =
16𝜋𝜎0

3(Δ𝐺H − Δ𝐺*:)%
 

(13) 

𝐽∗ = 𝑍𝑁𝛽∗ exp -−
Δ𝐺∗

𝑘I𝑇
0 exp D−

𝜏
𝑡E 

(14) 

𝑃 = 1 − exp(𝐽∗𝑡) (15) 
where the Eq. (12) is the critical radius, Eq. (13) is the 
corresponding critical formation energy, Eq. (14) is the 
nucleation rate, and Eq. (15) is the nucleation probability. 
In the Eq. (14), Z is the Zeldovich correction factor, 𝛽∗ 
is the frequency at which a critical nucleus becomes 
supercritical, 𝜏 is the incubation time, t is the time, and 
Δ𝑡 is the time interval. 
 

3. Results and Discussion 
 
3.1. Morphology evolution of the single hydride 
We showed the morphology evolution of the single 
hydride in Fig. 2. Once a 𝜁 - 𝑍𝑟%𝐻  precipitates in the 
basal plane of Zr according to the classical nucleation 
theory as shown in the Fig.2(a), 𝛾- 𝑍𝑟𝐻 is nucleated on 
the 𝜁 and phase transition occurs until the 𝜁 disappeared 
totally as shown in the Fig.2(b) and (c). The 𝛿- 𝑍𝑟𝐻&.JJ 
is nucleated on the 𝛾, and the phase transformation from 
the 𝛾  to 𝛿  phase occurs as shown in the Fig.2(d). In 
addition, the morphology of the hydride is changed when 
the 𝛾 hydride formed as the anisotropic stiffness tensor 
and eigenstrain. We could confirm that the formation 
path of 𝛿-	𝑍𝑟𝐻&.JJ	is	identical	to	the	result	in	[5]. 
 

 
Figure 2 The evolution of single hydrides using multiphase-field 
modeling. (a) 𝜻 − 𝒁𝒓𝟐𝑯 (grey color) is nucleated first; (b) 𝜸 − 𝒁𝒓𝑯 is 
nucleated on the 𝜻 − 𝒁𝒓𝟐𝑯 and phase transition occurs; (c) 𝜻 − 𝒁𝒓𝟐𝑯 
disappeared and 𝜹 − 𝒁𝒓𝑯𝟏.𝟔𝟔  is nucleated on the 𝜸 − 𝒁𝒓𝑯 . The 
morphology of the hydride starts to be changed; (d) The phase 
transition occurs from 𝜸 − 𝒁𝒓𝑯 to 𝜹 − 𝒁𝒓𝑯𝟏.𝟔𝟔. 
 
3.2 Threshold Stress inducing hydride reorientation 
We evaluated the threshold stress using multiphase-field 
modeling in Fig. 3. For the applied strain, we set the 
displacement boundary condition which is the Dirichlet 
boundary condition on the displacement of the left and 
right boundaries. We increased the applied strain using 
the boundary condition, and the orientation of the 
hydride is drastically changed when the applied strain is 
over the 0.005. As a result, the threshold stress level can 
be evaluated at around 500MPa, obtained by multiplying 
the nominal value of the stiffness tensor by the applied 
strain imposed on the system when using multiphase-
field modeling. When the phase-field modeling 
considering two phases (𝜶/𝜹) is used for the evaluation, 
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the threshold stress level for the single precipitate is 
about 1 GPa. From the comparison between two models, 
it is confirmed that we could obtain the lower threshold 
stress level when the multiphase-field modeling is used.  
 

 
Figure 3 Threshold stress inducing hydride reorientation using 
multiphase-field modeling. 

 
3.3 The effect of dislocation loop on the nucleation of 
the hydrides 
We showed the effect of dislocation loops on the 
nucleation of the precipitates in Fig.4. We set the 
dislocation loop on the prismatic plane and basal plane 
as the line and circle, respectively. In addition, we 
increased the nucleation probability of the 𝜁 phase to get 
the dislocation loop effect. We could see that the 
precipitates preferentially nucleate in the vicinity of the 
dislocation loop according to the simulation based on the 
classical nucleation theory. The elastic free energy 
induced by the dislocation affect to the critical formation 
energy and the nucleation probability increases around 
the dislocation loop in both prismatic and basal plane. 
 

 
Figure 4 The effect of the dislocation loop on the nucleation of 
precipitates. 
 
 

4. Future works 
 

The current study doesn’t include the multi hydrides for 
the evaluation of threshold stress and doesn’t show the 
effect of dislocation on the morphology evolution of the 
hydrides. In the future works, threshold stress will be 
evaluated using multiphase-field modeling with 
dislocation loops. In addition, the multi dislocation loops 
including <a> loops, <c> loops are going to be 
considered and the effect of the dislocation loops on the 

morphology of the hydrides will be added to the 
simulation. 
 

5. Conclusions 
 

We performed the multiphase-field modeling to 
evaluate the threshold stress level generating hydride 
reorientation in the fuel cladding. We showed that the 
metastable phases (𝜁, 𝛾) influence on the morphology of 
stable phase (𝛿)  and the threshold stress level using 
multiphase-field modeling is lower than the phase-field 
modeling including two phases (𝛼, 𝛿). In addition, we 
showed the hydrides preferentially nucleate in the 
vicinity of the dislocation loop according to the 
simulation based on the classical nucleation theory. 
However, the effect of the dislocation loop on the 
morphology evolution of the hydrides and the threshold 
stress evaluation including dislocation loop remained as 
the future work. 
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