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1. Introduction 

 
A hydrogen leak produces a jet that transitions into a 

plume. This plume, driven by buoyancy, rises quickly, 
forming a hydrogen-air mixture. These leaks, affected by 
buoyancy, can be categorized and modeled as slow leaks, 
as distinct from fast leaks. These leaks can be modeled 
with entrainment models for turbulent buoyant jets or 
plumes, assuming appropriate initial conditions for the 
escaping hydrogen are derived [1,2,3].  

This paper aims to model the characteristics of jets 
from slow hydrogen leaks and validate these models 
through comparison with experimental data. 

 
 

2. Modeling 
 

The main assumptions used when modeling a slow 
leak include [1]:  

 
- The leakage flow is quasi-steady.  
- Hydrogen is released at atmospheric pressure.  
- Variations in the leak flow's potential and 

kinetic energy are negligible.  
- Heat exchange between the containment and 

the leak flow stream can be disregarded. 
 

The jet in slow leak is modeled with a series of three 
turbulent entrainment models as shown in Fig. 1. 

 

  
Fig. 1. Flow zones of the slow leak jet model [1] 
 

The pressure in all three zones is assumed to be 
atmospheric. The model for Zone 2 is used to provide the 

initial conditions necessary for modeling Zone 3. This 
model describes how the plug flow of Zone 1 transforms 
into a fully developed jet flow with Gaussian profiles for 
both velocity and scalar transport quantities.  

In Zone 3, the flow is not considered a plug flow, and 
the effects of buoyancy are included, which determine 
the trajectory of the jet or plume. The coordinate system 
used to describe the jet trajectory and the growth of the 
jet is illustrated in Fig. 2. The jet axis is aligned along the 
streamwise coordinate 𝑆𝑆. The radial coordinate of the jet 
is r, and the circumferential coordinate of the jet is 𝜙𝜙. In 
the overlaid Cartesian coordinate frame of Fig. 2, the 
angle between the jet axis and the x-axis is 𝜃𝜃. Assuming 
the jet is symmetric about the x-z plane, the relationship 
between 𝑆𝑆, 𝜃𝜃, x, and z is given as follows: 

 

 
Fig. 2. Flow zones of the slow leak jet model 
 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= cos 𝜃𝜃,  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= sin𝜃𝜃                     (1) 
 

In Zone 3, the integral equations for jet continuity, 
momentum of the two components, and hydrogen 
concentration can be summarized as follows: 

 
(Mass conservation): 

 𝜕𝜕
𝜕𝜕𝜕𝜕 ∫ ∫ 𝜌𝜌𝜌𝜌∞

0
2𝜋𝜋
0 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜌𝜌∞𝐸𝐸               (2) 

 
(x-directional momentum conservation):   

𝜕𝜕
𝜕𝜕𝜕𝜕 ∫ ∫ 𝜌𝜌𝑢𝑢2∞

0 cos 𝜃𝜃 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟2𝜋𝜋
0 = 0             (3) 

 
(z-directional momentum conservation):  
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𝜕𝜕
𝜕𝜕𝜕𝜕 ∫ ∫ 𝜌𝜌𝑢𝑢2∞

0 sin 𝜃𝜃 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟2𝜋𝜋
0 = ∫ ∫ (𝜌𝜌∞ − 𝜌𝜌)∞

0 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔2𝜋𝜋
0  

(4) 
(Species conservation): 

 𝜕𝜕
𝜕𝜕𝜕𝜕 ∫ ∫ 𝜌𝜌𝜌𝜌(𝑦𝑦 − 𝑦𝑦∞)∞

0
2𝜋𝜋
0 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = 0            (5) 

 
where 𝜌𝜌 , 𝑢𝑢 , and 𝑦𝑦  are the jet density, velocity, and 
hydrogen mass fraction. The subscript ∞  is used to 
represent the property of the ambient air surrounding the 
jet. The profiles of the jet properties in Zone 3 are 
assumed have Gaussian [4,5] and take a form 

 

𝑢𝑢 = 𝑢𝑢𝑐𝑐𝑐𝑐𝑒𝑒
−𝑟𝑟

2

𝑏𝑏2                                (6) 
 

𝜌𝜌 = 𝜌𝜌∞ − (𝜌𝜌∞ − 𝜌𝜌𝑐𝑐𝑐𝑐)𝑒𝑒
− 𝑟𝑟2

𝜆𝜆2𝑏𝑏2               (7) 
 

𝜌𝜌𝜌𝜌 = 𝜌𝜌𝑐𝑐𝑐𝑐𝑦𝑦𝑐𝑐𝑐𝑐𝑒𝑒
− 𝑟𝑟2

𝜆𝜆2𝑏𝑏2                        (8) 
 

where 𝑢𝑢𝑐𝑐𝑐𝑐 , 𝜌𝜌𝑐𝑐𝑐𝑐 , and 𝑦𝑦𝑐𝑐𝑐𝑐  are velocity, density, and 
hydrogen mass fraction at the centerline. 𝑏𝑏 and 𝜆𝜆 are the 
characteristic jet width and the relative radial spreading 
ratio, respectively. 𝜆𝜆 = 1.16 was used here [6]. 𝐸𝐸 is the 
local rate of entrainment and it is considered to 
summarize the contribution of momentum, 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚,  and 
buoyancy, 𝐸𝐸𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 , e.g . [7] 

 
𝐸𝐸 = 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚 + 𝐸𝐸𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏                          (9) 

 
where 

𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚 = 0.282 �𝜋𝜋𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
2

4
𝜌𝜌𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡

2

𝜌𝜌∞
�
0.5

      (10) 
 

𝐸𝐸𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑎𝑎2
𝐹𝐹𝑟𝑟𝑙𝑙

(2𝜋𝜋𝑢𝑢𝑐𝑐𝑐𝑐𝑏𝑏) sin 𝜃𝜃                  (11) 
 

𝑎𝑎2 = �17.313 − 0.11665𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑 + (2.0771𝑒𝑒 − 4)𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑2    𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑 < 268
0.97                                                                                    𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑 ≥ 268   (12) 

 
𝐹𝐹𝑟𝑟𝑙𝑙 = 𝑢𝑢𝑐𝑐𝑐𝑐

2

𝑔𝑔𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝜌𝜌∞−𝜌𝜌𝑐𝑐𝑐𝑐)/𝜌𝜌𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
= 𝑢𝑢𝑐𝑐𝑐𝑐

2  𝜌𝜌𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑔𝑔𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝜌𝜌∞−𝜌𝜌𝑐𝑐𝑐𝑐)

     (13) 
 

𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑢𝑢0
�𝑔𝑔𝑔𝑔(𝜌𝜌∞−𝜌𝜌𝑜𝑜)/𝜌𝜌𝑜𝑜

                       (14) 

 
The subscripts "inlet" and "o" represent the 
characteristics at the inlet and the starting point of Zone 
2, respectively. If initial entrainment and heating are 
absent, allowing Zone 1 to be disregarded, then the 
characteristics at "inlet" are identical to those with the 
subscript "o". 

After the integration from Equation (2) to (5) by 
substituting Equation (6) to (8) and rearranging for the 
derivative terms, the result is as follows: 
 
𝑏𝑏2 �𝜌𝜌∞ − (𝜌𝜌∞ − 𝜌𝜌𝑐𝑐𝑐𝑐) �

𝜆𝜆2

1+𝜆𝜆2
�� 𝜕𝜕𝑢𝑢𝑐𝑐𝑐𝑐

𝜕𝜕𝜕𝜕
 +2𝑏𝑏𝑢𝑢𝑐𝑐𝑙𝑙 �𝜌𝜌∞ − (𝜌𝜌∞ − 𝜌𝜌𝑐𝑐𝑐𝑐) �

𝜆𝜆2

1+𝜆𝜆2
�� 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
 

+𝑢𝑢𝑐𝑐𝑐𝑐𝑏𝑏2 �
𝜆𝜆2

1+𝜆𝜆2
� 𝜕𝜕𝜌𝜌𝑐𝑐𝑐𝑐

𝜕𝜕𝜕𝜕
= 𝜌𝜌∞𝐸𝐸

𝜋𝜋
                                                   (15) 

 

cos𝜃𝜃𝜃𝜃 �𝜌𝜌∞ − (𝜌𝜌∞ − 𝜌𝜌𝑐𝑐𝑐𝑐) �
2𝜆𝜆2

1+2𝜆𝜆2
�� 𝜕𝜕𝑢𝑢𝑐𝑐𝑐𝑐

𝜕𝜕𝜕𝜕
  

+cos𝜃𝜃𝑢𝑢𝑐𝑐𝑐𝑐 �𝜌𝜌∞ − (𝜌𝜌∞ − 𝜌𝜌𝑐𝑐𝑐𝑐) �
2𝜆𝜆2

1+2𝜆𝜆2
�� 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
− sin𝜃𝜃

2
𝑢𝑢𝑐𝑐𝑐𝑐𝑏𝑏 �𝜌𝜌∞ − (𝜌𝜌∞ −

𝜌𝜌𝑐𝑐𝑐𝑐) �
2𝜆𝜆2

1+2𝜆𝜆2
�� 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
+ cos𝜃𝜃𝑢𝑢𝑐𝑐𝑐𝑐𝑏𝑏

2
� 2𝜆𝜆2

1+2𝜆𝜆2
� 𝜕𝜕𝜌𝜌𝑐𝑐𝑐𝑐

𝜕𝜕𝜕𝜕
= 0                                     (16) 

 
sin𝜃𝜃𝑢𝑢𝑐𝑐𝑐𝑐𝑏𝑏 �𝜌𝜌∞ − (𝜌𝜌∞ − 𝜌𝜌𝑐𝑐𝑐𝑐) �

2𝜆𝜆2

1+2𝜆𝜆2
�� 𝜕𝜕𝑢𝑢𝑐𝑐𝑐𝑐

𝜕𝜕𝜕𝜕
+ sin𝜃𝜃𝑢𝑢𝑐𝑐𝑐𝑐2 �𝜌𝜌∞ −

(𝜌𝜌∞ − 𝜌𝜌𝑐𝑐𝑐𝑐) �
2𝜆𝜆2

1+2𝜆𝜆2
�� 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
+ cos𝜃𝜃

2
𝑢𝑢𝑐𝑐𝑐𝑐2 𝑏𝑏 �𝜌𝜌∞ − (𝜌𝜌∞ − 𝜌𝜌𝑐𝑐𝑐𝑐) �

2𝜆𝜆2

1+2𝜆𝜆2
�� 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
+

sin𝜃𝜃𝑢𝑢𝑐𝑐𝑐𝑐
2 𝑏𝑏

2
� 2𝜆𝜆2

1+2𝜆𝜆2
� 𝜕𝜕𝜌𝜌𝑐𝑐𝑐𝑐

𝜕𝜕𝜕𝜕
 = 𝑔𝑔𝜆𝜆2𝑏𝑏(𝜌𝜌∞ − 𝜌𝜌𝑐𝑐𝑐𝑐)                                         (17) 

 
𝑏𝑏 𝜕𝜕𝑢𝑢𝑐𝑐𝑐𝑐

𝜕𝜕𝜕𝜕
+ 2𝑢𝑢𝑐𝑐𝑐𝑐

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
− 𝑢𝑢𝑐𝑐𝑐𝑐𝑏𝑏 �

𝑅𝑅𝑅𝑅
𝑃𝑃𝑀𝑀𝑎𝑎−𝑅𝑅𝑅𝑅𝜌𝜌𝑐𝑐𝑐𝑐

� 𝜕𝜕𝜌𝜌𝑐𝑐𝑐𝑐
𝜕𝜕𝜕𝜕

= 0                                  (18) 

 
At 𝑠𝑠 = 𝑆𝑆𝐸𝐸, 𝑢𝑢 and 𝑏𝑏 are given by: 

 
𝑢𝑢𝐸𝐸 = 𝑢𝑢𝑐𝑐𝑐𝑐                                (19) 

 
𝑏𝑏𝐸𝐸 = 𝐷𝐷𝑜𝑜

�
2�2𝜆𝜆2+1�

𝜆𝜆2 𝜌𝜌𝑜𝑜𝜌𝜌∞
+𝜆𝜆2+1

                          (20) 

 
Specifically, Eq. (20) is derived from the conservation of 
mass and momentum from 𝑠𝑠 = 𝑆𝑆𝑂𝑂  to 𝑠𝑠 = 𝑆𝑆𝐸𝐸 .  

Equation (18) can be obtained by substituting 𝑦𝑦𝑐𝑐𝑐𝑐  
with an expression for 𝜌𝜌𝑐𝑐𝑐𝑐 , derived from the relationship 
between the ideal gas law and the molecular weight of 
the mixture. The relationships from Equation (15) to (18) 
form a set of nonlinear coupled differential equations and 
can be succinctly organized in the form of a matrix as 
follows: 

 

𝐴𝐴

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝜕𝜕𝑢𝑢𝑐𝑐𝑐𝑐 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜌𝜌𝑐𝑐𝑐𝑐 
𝜕𝜕𝜕𝜕 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎡

𝜌𝜌∞𝐸𝐸 
𝜋𝜋
0

𝑔𝑔𝜆𝜆2𝑏𝑏(𝜌𝜌∞ − 𝜌𝜌𝑐𝑐𝑐𝑐)
0 ⎦

⎥
⎥
⎤
              (21) 

 
where A represents the matrix that organizes the 
coefficients of the differential terms in Eq. (15) to (18). 
To solve Equation (21) for variables 𝑢𝑢𝑐𝑐𝑐𝑐, 𝑏𝑏, 𝜃𝜃, and 𝜌𝜌𝑐𝑐𝑐𝑐 , 
we used Assimulo, a Python module that provides 
advanced algorithms for solving non-linear differential 
equations. 

 
3. Validation 

 
For the validation of the program implementing the 

model, the experiment for a slow leak scenario was based 
on the small-scale hydrogen slow leak experiments 
conducted at Sandia National Laboratories [2,8]. The 
experiment involved hydrogen being jetted vertically (θ 
= 90o) into free space from a nozzle inlet with D(diameter) 
= 1.905 mm, under varying flow rates. The temperature 
and pressure conditions were set at 21 ℃ and 100 kPa, 
respectively. The flow rate serves as a variable to control 
the degree of buoyancy effects, and the characteristics of 
the slow leak flow are defined by 𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑  in Equation (14), 
determined by this variable.  
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Figs. 3 and 4 illustrate the velocity and density profiles 
of the jet at various altitudes at 𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑 = 268, respectively. 
As the jet progresses forward (i.e., as 𝑆𝑆 increases in Fig. 
2), the analytically implemented model here effectively 
captures the spreading of the jet in Zone 3, as illustrated 
in Fig. 1. Fig. 5 illustrates the differences in hydrogen 
mole fraction profiles at the position of Z/D=100 under 
various 𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑  conditions. The distinction between the 
two graphs stems from the variation in buoyancy effects, 
which are determined by the initial velocity of the jet 
associated with different 𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑  values. Specifically, 
lower 𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑  values result in a greater influence of 
buoyancy, leading to a wider dispersion of the jet, 
effectively capturing the phenomenon where the jet 
spreads over a broader area. The influence of buoyancy 
due to different 𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑  conditions is also evident in the 
comparison of hydrogen mole fraction contours 
presented in Fig. 6. As the 𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑 decreases, it is observed 
that the jet spreads more extensively, showing smaller 
mole fractions at smaller values of 𝑆𝑆 , indicating that 
lower 𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑  leads to a more pronounced spreading due 
to buoyancy effects. Fig. 7 compares the hydrogen mole 
fraction distribution between experimental and analytical 
results. While there is a tendency for the jet to spread 
slightly more narrowly in the analysis compared to the 
original experimental values, overall, the experimental 
and analytical results exhibit similar patterns in terms of 
the jet's spread. When comparing the rising jet in terms 
of its mole fraction along the centerline, as presented in 
Fig. 8, it was found to accurately predict the mole 
fractions for different 𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑  conditions. This indicates 
that the model effectively captures the behavior of the 
jet's vertical dispersion across various 𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑 .  

 
Fig. 3. Jet velocity (𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑=268) 
 

 
Fig. 4. Jet density (𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑=268) 

 
Fig. 5. Comparison of hydrogen mole fraction (Z/D = 100) 

 
Fig. 6. Hydrogen mole fraction contours 

 
Fig. 7. Hydrogen mole fraction (𝐹𝐹𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑=268) 
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Fig. 8. Comparison of the centerline mole fraction decay 
 

3. Conclusions 
 

In this study, we explored the modeling of slow-leak 
hydrogen jets in open spaces, particularly focusing on 
Zone 3 where buoyancy significantly influences jet 
behavior. Through analytical models and comparison 
with experimental data, we observed that lower Froude 
numbers lead to wider jet dispersion due to increased 
buoyancy effects. While slight discrepancies in jet spread 
were noted between experimental and analytical results, 
the overall trends were well captured by the model. This 
research contributes to a better understanding of 
hydrogen jet dispersion in the atmosphere, providing 
insights that are crucial for safety assessments and the 
development of mitigation strategies in hydrogen 
technologies. For future work, we aim to compare our 
model with Computational Fluid Dynamics (CFD) 
analysis to further validate and refine our predictions. 
And this technique may be used to utilize the model to 
reduce analysis time in CFD simulations, such as by 
predicting the jet profile at various altitudes. This could 
allow for partial jet modeling with larger mesh sizes, 
thereby increasing the time step size and reducing 
computational time. These steps are anticipated to 
enhance the efficiency and applicability of hydrogen jet 
modeling in practical scenarios. 
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