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1. Time averaging operations

The local instantaneous balance equation reads as [1],
d
(P + V(P ) ==V -3, + pd 1

where p,,w,,u,,J, and 4, are the density, property
of extensive characteristics, velocity, flux and source of
k-phase, respectively. Nomenclatures for other variables
are found in [2]. Table-1 shows the field
variables. e,,q,, p,.7.9¢ G.M, E, are internal energy,
heat flux, pressure, vaporization, gravity and internal
heat rate, interfacial momentum and energy sources
respectively. T, is the stress tensor and is decomposed

into pressure and shear.
Table-1. Field variables

Vi Jy & i
Mass 1 0 0 7
Momentum u, T (p1-T) Ok M,
Energy ek+uﬁ/2 g, — Ty -Uy O U+ G/ o E,

The time averaged balance equation for any property
v, of k-phase can be presented as,

%(M)‘*V‘(pﬂ/kuk):_v‘x‘*%*' I

=S L n (o002

where the bar over a quantity indicates the time-
averaging operation. n is the surface normal vector in
this paper. Considering the time-fluctuating terms, the
time-averaged balance equation can be represented by
using weighted mean variables as, (J7; turbulent effects );
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Figure-1. Porous control volume
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2. Local volume averaging operations

As shown in figure-1, V, Aand ¢ indicate porosity,
volume and area. Superscript T, F,S, | mean total, fluid,
structure and internal, respectively[3].

VI =V 4vs, AT=AT+ A%, &' =VPNT, A= A7/A 4

Define phase average of scalar, vector or tensor R, ,

[R] =(W7)[ . Rav; [R]" =(1/A")[  ®dA (5)
and define the intrinsic phase average,

[&] =(W7)[ Rav; [®] =@V)[, RdA  (6)
Absence of the field in structure yields the porosity;

[ Rav =] Rav, [R] =[] ()

[ RoA=[ RoA [R] =o' [R] (8)
Divergence theorem reads,

[, VRV =] & n"dA+[ R -n'dA 9)
Divergence of an intrinsic local volume average;[2];

V([ ®av)=[ & n"dA (10)
Combining it with divergence theorem yields;

J'VpV-:RKdV:V-(LF{RKdV)+J'AI.‘R(-n'dA. (11)

Time-volume averaged balance equation can be
obtained by integrating (3) over V" and dividing the
integration by the volume element V" as;

(), () -9 (A )+ (304 ) -2 -1 Jov =0 (12)
No-slip condition on the internal surface reads,
VLTJA\(ka/k k) dA' =0 (13)
A is the area normal vector. Individual terms yield;
ol gl =g (v |- 5= [T
ViT V;V (pkl//k k)dv & [VlT vppky//\kL/J;dVJ:V(gv HEVZ@]}V)
Viwﬁ (3430 )av =v- [Vle( )dv} lI (30 +37) 0
o o [T T el T o
VLT.I.V‘ Mdv = Ilpk¢kuv-
ViijJkdvzgv[[lk]]V. (14)
Using the above results one can get;
L [l )ov (o [wa] )=+ [na] (15)
SRR B[ NEREA RARR
Define following weighted mean variables;
{9 (o 1 E S B W (18)
¢t =([apa] )/(1al () (©))) (17)
(@) =[] lad (o) =[asi] /1] (18)
ﬂakﬁjﬂ :;k[akﬂv [[&:]l (19)
Finally one can get;

et ) Jov-(enelal 2 () (&) )
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v {1t () tat () )

S SR NI o Oy Iy RO (20)

3. Multi-fluid balance equations

Using the table-1, one can get mass balance equation;

el R el (@) -y @
Dropping out the averaging operators reads;
g(gakpk)-#V-(gakpkuk):gyk (22)

Similar procedure with unity cy , the momentum
balance equation is written as;

g(gakpkuk)‘*v'(fakpkukuk):_v'(gak )+ Ea p 9 (23)
+V~(aak(@; +qT))—(J/VT)L‘

Also, similar procedure with unity c! , energy

a (Pl -&)-dA' +eM,,

equation reads;

(8/6t)(5pk05k (ek +(uk2/2)))+V~(gpkak (ek +(uk2/2))uk):
+E0 Gy - Uk _v'<gak (Qk +0 ))_v'(gak (pd _@I:)'uk) (24)
~(VT)[, (A =T -uy)-dA' + 6,

Momentum/energy sources are modeled as follows[1]
M, =M +pVay + M, —Va, - &;, (25)
E =% (hk| + Uy Uy 7uk2/2)+a|q£| - Py (0/0t) e

UMy —Va, & -uy +Wk?
where W,/ is turbulent dissipation work. Subscript ki

indicates the interfacial property. Inserting source terms,
momentum equation yields;

(26)

0
a(gakpkuk)+V~(gakpkukuk):

V(e p )+ V(2 (G +&T)) = (V)| i (p),)-dA" (27)
+(]/VT)IA. a @ -dA' + e, p g, +eM] +epVa, +eM, —Va, - &,

Various terms in momentum equation can be

modeled,;

PPy V(e (G+E))=2 V(a0 V (pu,)) » Mi = pu, (28)
(W[, @ (pd)-dA" =K, (p,/2D,)u,|u, (29)
(W[, @& -dA' =-a,C, (p,/2D,)|u,lu, (30)
M, =-C,.(p,/2D,)u, ~u,|(u -u,), Ve, - & =0 (3D)

Then momentum equation is written;
(8/et)(eat puy )+ V - (e pU U, ) ==,V - p, +V - (ea V (p U, )
—éay ((Kw +ka)pk/2 Dh)‘uk‘uk _Sckk'(pk/ZDk)‘uk _uk"(uk _uk')
+ea, p 9, + &y Uy (32)

Kinetic energy equation is derived from momentum
equation multiplying u, , and using mass equation;
(6/6t)(spkak (ukz/Z))+V-(8pkak (Ukz/Z)Uk)+(Ukz/2)gyk =
+UkV'(€ak (@ +@T))—uk (l/VT)J'AI a, (P -)-dA (33)
-u,V- (e, p 1)+ U@ p,9, +2u, (My + p Ve, + M, Ve, - &)

Inserting source terms into total energy equation and
subtracting kinetic energy one gets;

(6/8’[)(5akpk (ek +(uk2/2)))—(6/6t)(£pkak (ukz/Z))
+V~(gakpk (ek +(uk2/2))uk)—v ~(£,0kak (ukz/Z)uk)

V(e (a +a])) - V- (e (P1 - & ) -u, )

*(]/VT)J.A. [ (QK -Ty 'uk)'dAl +éa P9y Uy + €Y (hkl Uy Uy 7(uk2/2))

+ealy — &Py %‘F&'Uki My -V, & Uy + W, +u, V- (e, p,l)
_ukv'(gak (a{ +&] ))+(1/VT)UkIA. ak ( pl _Q)'dAI — U P9
—auk(ME+ pkiVak-v—Mik—Vak~@;i)+(uk2/2)£7k (34)
Simplifying yields the internal energy equation;
(0/at)(expe )+ V- (e p&l, ) = =€, PV U, — U, PV &,

1A
—€Pyg (a/at)ak +eyhg + a0 _V'(gak (QK +ql +qT Uy )) (35)

1B IC D IE

tea, (a;+qT )Vuk—gVak @ (ug —u )+ eMy (ug —u, )+ eW,

IF IG
~(WT)[ e (a+ T, ~uk)-dA'+(1/VT)uijl a,(p)-&)-dA'
Modeling various terms in energy equation;

P = Py (36)
IA=V~(mk (a,+a +& -uk))=—V‘(gakyfTVek) (37)
|E=—(J/VT)jA, a(a, +T,-u,)-dA' =q"/D, (38)

IB, IC, ID, IF and IG ; neglected
Then, internal energy equation is written;
(6/ct) (e piec)+V ‘(aakpkekuk)—v~(5Vak,u:TVek):
—ea, PV - (U, ) —£p(0/0t) a + ey hy + a0y —q;”/Dh
Mass and energy jump conditions are written;
2% =0 (40)
> (7h, +aa;)=0

(39)

4. Conclusions

Governing equations for the multi-fluid flow over a
porous body has been successfully derived using the
time-volume averaging procedure. Internal energy
balance equation is also derived. These equations may
be regarded as the basis of the balance equations for a
computer program such as SPACE. The porous body
approach will give us a systematic way to handle the
system geometric data for the multi-dimensional
applications via the CAD tools as well as the mesh
generators.
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